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LECTURE-11 INTEGRAL SOLNS TO
LAMINAR VEL BL

@ Solution Procedure

@ Solutions with Effects of Pressure Gradient and
Sucrion/Blowing

March 26,2012 2/21



Solution Procedure - L11(%)
Integral Momentum Eqgn ( IME)
d s 1 dU,

Cf,x VW
dx " U. dx +

> T UL (1)

(2024 01) =

@ |In the Similarity Method , 3rd order Similarity Eqn was
solved with appropriate Boundary Conditions to obtain
Velocity Profile . The Integral Parameters 4y, d> and Cr «
were then recovered from the profiles.

@ In contrast, in Integral Method , the Velocity Profile is
assumed ( usually a polynomial iny /¢ ) such that it
satisfies the Boundary Conditions

© Then, Integral Parameters ¢4, 6, and Cs are evaluated and
substituted in the Integral Momentum Eqgn

© The IME is then solved to obtain d»(x) and hence, all other
parameters as functions of x
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Typical Velocity Profile - L11(:5)

Letu—i—a+bn+0n2+dn3+en4 77:%/ (2)
Aty =0 (Wall) Aty =6 ( Edge of BL)
u =20 (3) u = Us (5)
o8 U 5 = O ©)
WG @ g;“ - 0 7)
2nd BC derived from PDE 3rd BC ensures assymptotic

behaviour as y — ¢
Five BCs give 5 coefficients a, b, c,d and e
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Derived Velocity Profile - L11(3)

Coefficients are:

Q@ a=0

Q@b=3-¢ U

Q@c=3(e-1) U

0d=1-3e F1
_ 3Vp—A+6

O e="gv F,

ALERT:

F3
(Vv*w >\)min,max
must be such that Ve
u/Uy, <1
forn <1 \ =

Hence, the Vel Profile

y Suc/Blow Param
6_2 d Uy
v dx

Pr Gr Param

March 26, 2012

(10)

(11)

5/21



Velocity Profiles —2 < V;;, <2 - L11(5%)

°
o

u/Uow

BLOWING |

*
Vi = 2
L

L L f L L L L L L
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
n n

For Vj, <0, g—>1forA>12 Forall V;, ;~ <0forA <—12
-

For Vi, >0, ;- <1forA<20 For\=-12, g_;l|y:0 =0
( Separation)
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Evaluation of Thicknesses - 1 - L11(%)

In the Integral method, we evaluate 3 Thicknesses

o u o u
0 = / (1——)dy=/ (-go)dy (14)
0
u u
0 = / U 1——)dy / U_oo)dy (15)
0y = nU Shear Thickness (16)
Tw,x

Note that [;° = [ + [,
But, in the region § < y < oo, U = U.
Hence, [~ =
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Evaluation of Thicknesses - 2 - L11(%)

04 o ! u _1 e
5 = /0(1—U—oo)d77—z(1+§)
1

_ Ty 13V, -A+6
4 5 6+ V;

5o Yy u 3 e
5 - fmU o) =st e
3 1 8Vi- 46, 1 BVi—A+6
~ 2 7006y, ) sr g
51 B+ Vg
5 3—-e Af12

Note that 04 = 11 U /7w x = 0o when A = —12. Hence,

separation will occur.
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Reorganisation of IME - L11( )
dé, 1 dU, B Cfx Vi
d x + U. dx (2024 61) = U_ (20)
Multiply by U, d2/v
Ugodds N B
02 01
S = = (Shearfactor) H= — ( Shape Factor)
04 02
B dUs | 02y
= X _)\(—) ( Pr Gr Param ) (22)
Vi = VWV‘S"‘ =V (‘;2) ( Suc/Blow Param ) (23)

Eqgn 21 is a Universal Relationship
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Important Deductions - L11 ( £)

@ Universal means it is applicable to all types of variations of
U ( x) including U,, = Cx™

Q r x 2= = 0implies Flat Plate Solution because U, =
Const

Q F(r)=1= ‘f“ = 0 implies Stagnation Point Solution
because recall that all thicknesses are constant for m = 1 (
see below )

Q S-= g—i = 0 implies Separation because 7, x =0
@ Allvalues of V,/ and X for which 45, d2, 64 < 0 must be
discarded because u/U,, > 1oru/U, <0

@ For U, = Cx™, it is easy to derive that
k=méd5 F(r)=(1-m)éd, S=r"(0)6;and V;j = Bs 5}
where 65 ( m ) are available from Similarity method
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Solution V;, =0-L11( )

A K 51/(5 (52/(5 S=(52/54 H=(51/(52 F(li)
12.0 | 0.095 | 0.200 | 0.089 | 0.356 2.250 -0.095
9.0 0.088 | 0.225 | 0.099 | 0.347 2.273 -0.061
7.5 0.080 | 0.237 | 0.103 | 0.336 2.299 -0.017
6.0 0.069 | 0.250 | 0.107 | 0.321 2.333 0.046
3.0 0.039 | 0.275 | 0.113 | 0.283 2.427 0.226
0.0 0.000 | 0.300 | 0.117 | 0.235 2.554 0.470
-3.0 | -0.043 | 0.325 | 0.120 | 0.179 2.716 0.764
-6.0 | -0.086 | 0.350 | 0.120 | 0.120 2.921 1.088
-7.5 | -0.107 | 0.363 | 0.119 | 0.089 3.041 1.253
-9.0 |-0.125| 0.375 | 0.118 | 0.059 3.176 1.417
-12.0 | -0.157 | 0.400 | 0.114 | 0.000 3.500 1.724

A =7.052 or k = 0.07824 represents Stagnation Point Solution.
Recall Sim Solns: 63 ,_, = 0.663 and 43 ,,_; = 0.292.
Hence, km_q = 0.0841 and F (km—o ) = 0.44
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F(r)vsk(V,=0)-L11(1Y

2.0 T T
Deceleration ——= Acceleration
1.6 Integral Solution
*
12 Curve Fit Vi =0
2 N
o Se aratlon
I 0.8 |- Separation
Flat Plate
04t & m=0 ]
< Stagnation
0.0 033 ;. ym=1 |
. =
4 L

I I I I
-0.15 -0.10 -0.05 0.00 K 0.05 0.10

F(k) = [a—bk]— a=0smo b=2a/04my (24)
2 2
U 00 = 044 -517 5— 9Ux Thwaite’s Curve-Fit (25)
v dx dx

Integral Soln deviates from Slm Soln for x < 0 but, reasonably

accurate for k > 0
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Closed Form Soln V;, = 0 - L11({}

2 2
0% 04451729 ()
DBy = 044U (27)

X
(R UBTT) = (B UST)rp = 0.44u / U7 dx  (28)
0

@ Soln applicable to any U, (x)

@ Calculate 0, from eqn 28. 63 ,_, ( known )

© Evaluate « from d U,./d x.

© For this value of x, evalute A and hence S and 4,
@ Hence obtain Crx =2 v/(ds Uy).
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Flate Plate Soln )\ = x = 0 - L11({3

V:, 51/5 52/5 S=52/54 H=51 /52 VVJVr F ( K )
50 [0.35|0.12 | 0.13 2.88 0.60 | 1.46
40 |0.34|0.12 | 0.14 2.83 0.48 | 1.25
3.0 {0.33|0.12 | 0.16 2.78 0.36 | 1.04
20 [0.33|0.12 | 0.18 2.72 0.24 | 0.84
1.0 | 0.31]0.12 | 0.20 2.64 0.12 | 0.65
0.0 {0.30|0.12 | 0.28 2.55 0.00 | 0.47
-1.0| 0.28 | 0.11 | 0.27 2.45 -0.11 | 0.32
-2.0|0.25|0.11 | 0.32 2.33 -0.21 | 0.21
-3.0 | 0.20 | 0.09 | 0.36 2.25 -0.27 | 0.18
-4.0 | 0.10 | 0.03 | 0.17 3.50 -0.11 | 0.11
-4.2 | 0.07 | 0.00 | 0.01 47.25 -0.01 | 0.01
-4.4 1 0.03 | -0.04 | -0.28 -0.67 0.16 | -0.23

Feasible Solutions for A > —4.2 only
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Solution V;, =

—2.0 (Suction ) - L11(2

A K 51/(5 52/5 S=62/54 H=51/(52 V‘; F ( /i)
15.0 | 0.00 | 0.06 | 0.00 | -0.02 -28.00 | 0.00 | -0.02
14.0 | 0.00 | 0.07 | 0.01 | 0.06 8.79 -0.02 | 0.05
10.0 | 0.02 | 0.12 | 0.05 | 0.26 2.68 -0.09 | 0.12
6.0 0.04 | 0.17]0.08 | 0.35 2.28 -0.15 | 0.08
2.0 0.02 | 0.22 | 0.10 | 0.35 2.27 -0.20 | 0.13
0.0 0.00 [ 0.25|0.11|0.32 2.33 -0.21 | 0.21
-2.0 | -0.083 |0.28 | 0.11 | 0.28 2.43 -0.23 | 0.34
-6.0 | -0.09 |0.32|0.12 | 0.18 2.72 -0.24 | 0.69
-10.0 | -0.14 | 0.38 | 0.12 | 0.06 3.18 -0.24 | 1.09
-12.0 | -0.16 | 0.40 | 0.11 | 0.00 3.50 -0.23 | 1.27
-13.0 | -0.16 | 0.41 | 0.11 | -0.03 3.69 -0.22 | 1.34

Feasible Solutions for — 12 < A < 14.5 only

Form=XA=0,F(x)=0.21=¢5and V, =-0.21 Hence,

B; = —0.21/v/0.21 ~ —0.458 Note that for all A < 2, V,} ~ const
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Solution V;, = 2.0 ( Blowing )- L11(33)

A K 51 /(5 52/5 S=62/54 H=51 /(52 V‘; 8F ( K )
16.0 | 0.16 | 0.22 | 0.10 | 0.35 2.27 0.20 | -0.25
12.0 | 0.14 | 0.25| 0.11 | 0.32 2.33 0.21 | -0.12
8.0 0.10 | 0.28 | 0.11 | 0.28 2.43 0.23 | 0.11
4.0 0.06 | 0.30 | 0.12 | 0.23 2.55 0.23 | 0.44
0.0 0.00 [ 0.32 |0.12 | 0.18 2.72 0.24 | 0.84
-40 |-0.06 |0.35|0.12|0.12 2.92 0.24 | 1.28
-8.0 |-0.11 | 0.38 | 0.12 | 0.06 3.18 0.24 | 1.74
-12.0 | -0.16 | 0.40 | 0.11 | 0.00 3.50 0.23 | 2.18
-13.0 | -0.17 | 0.41 | 0.11 | -0.01 3.59 0.23 | 2.28
-16.0 | -0.19 | 0.43 | 0.11 | -0.05 3.92 0.22 | 2.56

Feasible Solutions for A > — 12 only.
F(k)=0for\=9.670rx=0.117.

Form=XA=0,F(x)=0.84=0; and V; = 0.24 Hence,

B; = 0.24/1/0.84 ~ 0.2619 Note that for all A\, V,/ ~ const
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Closed form Solns for V;, and X - L11({3

For simlultaneous variations of V;, and A, Closed Form Solutions
can be developed for regions in which V,/ is nearly constant.
The curve-fit solution is again of the form F(k) = a— bk, or

Uodds 03 d Uy,
wodx 4Py ax (29)
where a and b are functions of V;. Thus, from tabulated values
Q@ ForV;, =-20,a~021,b~4.2

Q ForV;=+20,a~084,b~7.4
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Solution Procedure - L11(}2)

Manipulation gives

a

dx

(B UL~ (U)o = av [ UZTdx  (31)
0

(B2UE) = av Ut (30)

o0

@ Soln applicable to any U..(x) and V,,(x)

@ Calculate 6, from eqn 31. 65,_, ( known)

© Evaluate « from d U,./d x.

© For this value of «, evalute \, V,; and S and hence, d4
@ Hence obtain Cry =2 1v/(04 Uy).
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Prob: Flow over a Cylinder - L11(32)

For flow over an impervious

cylinder, with x* = x/D U
Ue o X
— =2sin(2x") = F(x") R
Va 0 D
Va
Then \</
55 0.44 X
Rep = 517 / F417 dx*
The objective is to determine
and point of separation x;,
corresponding to k = —0.1567.
() = (212 Rep 2 P
D ax V. D
Rep = a

March 26,2012 19/21



Soln: Flow over a Cylinder - L11(3;

2.2

20 INTEGRAL SOLN
18 FLOW OVER
1.6~ A CYLINDER VSRV 7

1.4
12
1.0

SEPARATION

0.8

0.6

(82/D )* Re’S

0.4
0.2
0.0

-0.2 1 1 1 1 1 1 !
0.0 15.0 30.0 45.0 60.0 75.0 9 90.0 105.

Numerical integration gives Separation at § = x/R = 108.3°
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Effect of Blowing - L11(33

Vi F(r) Osep | Cionp
00| ~044 517 | 108.3° | 2.4612
05| ~0.56 - 622 | 107.0° | 2.3533
1.0 | ~0.65—6.50 % | 105.9° | 2.2280

20| ~084—-740x | 103.6° | 2.0710

where

C? T R 0.5 1 oo ad
=(—) A€p T = T X
f,sep (/) Vg) D Xsep /(; w,x

As expected, Separation Angle is advanced with increase in
blowing rate with reduction in average skin-friction due to
thickening of the boundary layer
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