Exercises for Module-111 (Transform Calculus)

1) Discuss the piecewise continuity of the following functions:

1 2t, t<1
a) f(t)=E,t¢2 b) f(t)={
1+2, t>1
1-et in(2
% 20 tsin/ =], t=0
0 f(t)—{ t 7 d) f(t):{ o
0, t=0 0, t=0

2) Show that the function f(t) =te"sin (etz) possesses a Laplace transform.

3) Find Laplace transform of the following functions:

a) e'cos’t, t>0 0, 0<t<2
b) f(t)=
eal | >2
o f(t)=[sint|, t>0 d) f(t)=tH(t-a), t>0

4) Find the inverse Laplace transform of the following functions:

F(s)=__ S*t3 b) F(s)=—23%5

M e (32 +6s +13)2 ) (s—l)2 (s+2)
e 2s*+3

0 F) s2-2 ) FE (s +l)2(32 +1)2

5) Solve the following initial value problems for t > 0 using Laplace transform
method:

2

» Yiyo1 yo=y©=0

dt

d’y dy
b 2 —(1-H(t-12): y(0)=1y'(0)=-1
) TR ( (t-1)); y(0)=1y'0)

dzy cost, O<t<r
c) ~+y="f(t); y(0)=y'(0)=0; where f(t)=

dt 0, t>xz



6) Solve the following boundary value problems using Laplace transform
methods:

d?y
dt?
2

b) 9Y 9a-t, y(0) =1, y'(%j:—l

o Yiyosint, y©-=1 y@:m

dt?

7) Solve the following differential equations using Laplace transform method:

d’y dy
t—2 21 y0) =0
2) dt> dt y©@

2

d’y dy ~t
b t—+@t+D)—+2y=¢e"; y(0)=0
) v ( )Olt y y(0)

8) Solve the following integral equations using Laplace transform method:

a) Y()=sint+ Zj y(u) cos(t—u)du

dy(®)

b Tt

t
+3y(t) + Zj y(u)du=t; y(0)=1
0
9) With the application of Laplace transform, solve the Heat equation

2
Z_l; - Z_l:; x>0, t>0 subject to the conditions
X

u(x,0+)=0, x>0

u(0,t)= f(t), t>0

lﬁ[l u(x,t)=0

. . 0%y 0%
10) Using Laplace transform solve the wave equation ro = y; O<x<1 t>0
with the initial and boundary conditions

y(x,0+) =sinzx, 0<x<1, Y, (X,0+4)=0, 0<x<1

y(0,t)=0, t>0, yLt)=0, t>0



11) Expand f(x)=e™, 0<x<2r in a Fourier series.
12) Find the half range sine series of the function f(x)=x*, O<x<x

13) Determine the Fourier integral representation of the function

SINX, —7<X<7T
f(x) =

0, X<—m and x>z

14) Let the function f (x) is given as
1-x, O<x<l
f(x)= .

0, I<X<oo

Determine the Fourier sine integral of f (x) and find the value of

% (a —sin a)sm( )
J de.
0

15) Find the Fourier sine transform of f(t)=te™, t>0.

16) Determine the Fourier cosine transform for f(t)=e"'cost, t>0and show that

w2
e’tcostzgfwﬂda, t>0.
o’ +4

17) Find Fourier transform of f(t) = t exp(—alt|).

18) Find f(t) if F (a)= \/7(1+ j
a’

19) Solve the heat equation g—l: =k

o%u
2 )

5 0 < x <o subject to the conditions
X

u(x,0)=e™; u(0,t)=0, t>0, uand u,both tend to zero asXx — .

2 2
20) Solve the following Laplace equation Z—u+%—0 y >0subject to the
X
1 x<1
conditions u and U —0as x*+y* - and u(x,0) =
0, [x|>1-



Answers/Hints:
1)

a) Function is not piecewise continuous since Iirzn f (t) do not exists.
t—>2+
b) Function is continuous everywhere.
¢) Function has a jump discontinuity at t=0 and hence the function is
piecewise continuous.

d) Function is continuous everywhere.
2)

Definition of Laplace transform and integration by parts give

L{f(t)} = Ie‘s‘tetz sin (e‘2 )dt = %[cos(l) —-sL {Cos(etz )}}

Note that L{cos(et )} exists because cos(etz)is continuous and is of exponential order.

Hence L{f (t)} exists.

3)
)y L{etcos’t}= (s+1)°+2 _ s°+25+3
: (s+1){(s+1)2+4} (s+1)(s*+2s+5)
b) f (t) — eatH (t _ 2) — ea(t—z)eZaH (t _ 2) — e—z(s—a) ﬁ
1 Tosta 1+e™

L{f(t)}=——+|esintdt=

9 HIO) 1_e”S£ (1-e7)(s*+1)
w1l e e®
d) L{f(t)}=e gt [1+as]
4)
(s* +65+13) [(34.3) +4J (s*+4)

1 1
b) =e'+3te'—=e*
) 3 3
1
) ﬁ

d) Ee“+§te‘t—Ecostjtlsint—ltsint
2 4 2 4 4

H (t-7)sinh{v2(t-7)|



a) Y(t)=1-cost
b) y=t-1+2e—H(t-1)(t-2+e"")

9 y=2ftsint+H(t-z)(t-7)sin(t-7)]

a) Y= (—%tcost+cost+ﬂsintj

t 4 .
b =—4C0S3t+—sin3t
) Y 9 5

7)

a) y=t+ct’
b) y=te"
8)

a) y(t)=te'

1 5
t)==-2e"+=e™
b) () > 5

9)

u(x,t) = iﬁexp(— 4(tx_2u)j f (u)du
10)

y(xt) = sin zxcos zt
11)

f(X) ~

1-e# |1 (1 1 1. 2 .
— 4| =COSX+—=CO0S2X+... |+| =sinX+—=SIn2X +...
2 \2 5 2 5



12)

13)

14)

15)

16)

17)

18)

19)

20)

f(x) ~ Z[E—ijsinx—zsin 2x+g(
T 3

ZTﬁnaﬂﬁnaxd

2
Ty l-a

f(x)~£ a-sina
T

2
0 o

\/z 2a
7 (L+a?)’

2 2+a’
7 (4+a*)

2_2iaa
7 (8% +a?)?

f(t)=exp(-t)

0

u(x,t) = 2 I Le_““zt cosax da

7 d1+a?

00

u(x,y) = %{tanl [XT_lj + tan{

X+1

y

)

4
7[—_
97

jsin BX—%sin 4x—... |

sinax da and the value 1s %



