Module 7

Problem Sheet

Q1. Show that W3(t) is an Ito process and find d(W (¢))3.

Q2. Let h(t) be a square integrable and deterministic function. Use Ito formula to prove the identity

t o

JER(s)dW (s) = W)W (t) — [ ()W (s)ds.

Q3. Let X(t) = fot e*~tdW (s). What is the distribution of X (¢)?

Sl

Q4. Verify [ W(t)dW(t) = L(W(T))? -

Q5. Prove that [ (W(£)2dW(t) = WINT _ [Ty ()ar.

Answers to Problem Sheet

Ans 1: Let f(z) = 2°. Then

f(z)= 322 and f'(z)= 6z

By Ito Doeblin formula version 1 we have
df(W(t) = f(W()dW (t) + 3 (W (¢))dt
dW3(t) = 3W2(t)dW (t) + 3W (t)dt

Hence W3(t) satisfies above SDE and by this we can conclude that it is a Ito Process.

Ans 2: Let f(t,x) = h(t)x. Then
fit,z) = W)z, folt,z) = zand fou(t,z) = 0.
By Ito Doeblin formula version 2 we have

FEW®) = FOWO) + [o(fels, W) + 5 faals, W(s))ds + fy fals, W(s))dW (s)
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Putting all the values we get

[ h(s)dW (s) = h(t)W(t) — [i b’ (s)W (s)ds.

Ans 3: As X (¢) is Tto integral with deterministic integrand so it is normally distributed.
E(X(t)) = E(X(0)) = 0 ...(Asito integral is martingale so it has constant expectation.)

Var(X(t) = B(X*(t))

Ans 4: Let f(z) = 12—2 Then

’

f@)=z and f'(z)= 1.
By Ito Doeblin formula version 1 we have

FW(D) = fWO) + [y fWENAW )+ 5 fy £ (W(D)dt

WD — o 4+ [TwE)dw(t)+ 1 [ dt

Jo W®AW(t) = J(W(D)? -3

Hence proved.

Ans 5: Let f(z) = £ Then
fix)= 22 and f'(2)= 2z
By Ito Doeblin formula version 1 we have
FOV(D) = FOW () + fy f W @E)AW (1) + 5 [5 £ (W(t))dt
W?2(T)

D = 0+ [FWO)aW(t)+ L [ 2w (t)dt

JEw)zaw () = WOE _ (T ()at

Hence proved.
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