Module 6 1

Problem Sheet

Q1. Let Sk be the price of risky asset at time £ =0,1,2,...,n.

uS with probability p
Let Sk41 =

dSk with probability 1 — p.
Define a related process Ry as Ry = In Sk —k(plnu+ (1 —p)Ind). Prove that {Ry, k=1,2,...,n}

is a martingale.

Q2. Let {X,, n=1,2,3,...} be a symmetric random walk and {F,,, n = 1,2, 3...} be filtration. Consider
Y, = (=1)"cos(IlX,,), n=1,2,3.... Show that {Y,,, n =1,2,3...} be a martingale with respect

to the filtration {F,, n =1,2,3,...}.

Q3. Let X,,, n=1,2,3... be a sequence of square integrable random variables. Show that if {X,, n =
1,2,3,...} is a martingale with respect to the filtration {F,, n = 1,2,3,...} then {X2, n=1,2,3,...}

is a sub-martingale with respect to the same filtration.

Q4. Let {W(t), t > 0} be Wiener process. Prove that {W?(t) —¢, t > 0} is a martingale with respect

to the natural filtration.

Q5. Let {W(¢), t > 0} be a Wiener process. Is {exp(cW (t) — %t), t > 0} a martingale where o is a

positive constant?

Answers to Problem Sheet

Ans 1: E(Rp/Ry_1,...,Re) = E(InSp — k(plnu+ (1 —p)Ind)/Ry_1,..., Ro)
= E(lnSk/Rkg-1,..,Ro) — k(plnu+ (1 — p)Ind)
= E(InSk/Sk-1,...,5) —k(plnu+ (1 — p)Ind)
= InSp_1 +plnu+(1—p)lnd— k(pnu+ (1 —p)lnd)
= ISi_1— (k- D(plnu+ (1—p)lnd)
= Rp_1 V k=1,2,3..,n

Hence {Ry, k =1,2,...,n} is a martingale.
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Ans 2: We know for symmetric random walk E(X,) = 0.

It can be checked that E(Y,) < oo v n.

E(Ynt1/Fn) = E((=1)"*' cos(IllXp11)/Fn)
= B((-1)"* cos(Il(Xps1 — Xn + X0n))/Fn)
= BE((=1)"*' cos(I(Zn+1 + Xn))/Fn)
= (=1)"" E(cos(I1Zn 1) cos(ILX,,) / Fy) — (=1)" ! E(sin(I1Zp 1) sin(I1X,1) / Fp)
= (=1)"* cos(TIX,) E(co8(TTZn11)/Fn) — (—1)"*+ sin(ILX,.) E(Sin(I1Z,41)/F,)
= (=1)"*! cos(I1X,,) E(cos(TTZn11)) — (—1)™+! sin(I1X,,) E(sin(T1Zp41))
— (~1)"* cos(ILX, ) (~1) — (1)1 sin(ILX,,)(0)
= (=1)"cos(IIX,,)
=Y,

Hence {Y,, n =1,2,3...} is a martingale.

Ans 3: Let ®(z) = 22 It is a convex function. So by Jensen’s inequality
E(®(Xn41)/Fn) =2 ®(E(Xpt1/Fn))
E(Xii1/Fn) = ©(Xn) = X3

= X2 is a sub-martingale.

Ans 4: Let {F(t); t > 0} be natural filtration.
Consider s < ¢
E(W?(t) —t/F(s)) = E(W(t) —W(s) + W(s))* —t/F(s))
= E((W(t) = W(s))* + W2(s) + 2(W(t) — W(s))W(s) — t/F(s))
= B[(W(t) - W(s)*] + W2(s) + 2W (s) E[(W(t) — W(s))] — ¢
= t—s+W?(s)+2W(s)*0—t
= W?(s)—s

Thus {W?(t) —t, t >0} is a martingale with respect to the natural filtration.
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Ans 5: Let {F(t); t > 0} be natural filtration.
Consider s < t
E(exp(aW (t) — 5t)/F(s)) = exp(—%t))E(exp(aW (t))/F(s))
= eap(—5 1) E(eap(o(W(t) — W(s) + W(s)))/F(s))
= cap(—Gt))exp(aW (s)) E(exp(a(W (t) — W(s)))/F(s))
= cap(—t))exp(oW (s)) E(exp(o(W (t) — W(s))))

2

= exp(—%t))exp(cW (s))exp(o * 0 + So2(t — s))
= exp(cW(s) — %23)

Thus {exp(cW(t) — %zt), t > 0} is a martingale with respect to the natural filtration.
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