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Recall

dx(t) =a[x(t),t]dt + b[x(¢),t1dB(¢); x(¢,) = x,
Sizes:

x(t)~ dx1;dB(t) ~mxl;a~dx1l;b~dxm
Time discretization:

O0=t,<t, <---<t,=T withA=T/N.
Notation: ¥, (n)=x, (z,)

Ax* =0 as At = 0




1.5 order Strong Taylor scheme

Y, (n+1)= Yk(n)+ak(n)A+bk(n)AW+%lek(n){(AW)2 —A}

+La,(n)AZ + L'b, (n) {AWA—-AZ} + %Loak (n)A* + %Lllek (n) {%(AW)Z - A}AW
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Remark

More general versions of the integration schemes are available: see
P E Kloeden and E Platen, 1992, Numerical solution of stochastic

differential equations, Springer — Verlag, Berlin ;




Bouc's oscillator under white noise

X+2nox+ax+(—-a)z= f(t)

c=—y|x|z|z|"" =Bx|z|" +A4x
x(0) = x5 x(0) = x5 2(0) = 2,

<f(@)>=0,<f(8)f(¢,)>= 025@1 —1,)

dx, (t) = x,dt
dx, (1) = (—27760)62 —ax, —(-a)x, ) dt + ocdw(t)
des (1) = (=7 | x, | xy [ " =, | x, | +Ax, ) dt




a =x,

a, =(—2nwx, —ax,—(1-a)x,)

-1
d; :(_7/|x2 Ly [ |77 =fx, | x| +Ax2)

b =0;b,=0;b,=0

La =0c;Lla, =-2nw;La, = cf{—sgn(xz)x3 x, [ =B x| +A}
La =a,;la, =—aa, —a,2nw+a,(1-a)

Loas ) {_7/ sgN(x, )x; | x; " —p] X [ +A} T

a (=7 %, %, "™ =y | x, | xy(n=1) | x, | sgn(x;) - By | x, [ sgn(x,)]




1.5 order Strong Taylor scheme

Y. (n+1) = Yk(n)+ak(n)A+bk(n)AW+%lek(n){(AW)2 —A}

+La,(n)AZ +L'b, (n){AWA—-AZ} + ELOak (n)A” + ELllek (n)
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Numerical values

1n=0.05a=0.05.=05n0=002,4A=1,n=2
y=0.5,0=1.0,T =355,5000 samples




15

10+

200

400

600
time s

800

1000

1200




0 200 400 600 800 1000 1200
time s







std dev

)i

25

1.5

05

Displacement

600 800 1000
time s




xdot(t)

12



Probability
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Kanai — Tajimi & Clough and Penzien
Power spectral density function models

for free field earthquake ground acceleration

Soll layer

y Ko
T YWW—
/ b
11T Ty
§ L
1 %
~ > i 9/‘ /() 7 77
ARCE) #

UEL)
e

x, (¢)

<{mmmm)> Bed rock

14




i, (=) th, (1) =0

i = =217,0, (1 =%, ) - @ (u-x,)

Letv=u—x,
U= _277ga)g‘>_a)év
UT (C()) - _(i277g0)gw+ a)é%)VT (w)

Xy (@)

— 1 ’
— (1277g50g T, ) (wg2 — )’ ) + i(zﬁgwgw)




Ao

(o
S(w)_[(a) —a)) +4n’w o’

Clough and Penzien model

(0} + 400
2

Slw
O st

Hy (o)

High pass filter

(0

_, (a) +4n’w; 2) (a)/a)f)4
2

(0" - ) +4n w. o’ [1—(a)/a)f)2}2+4§?(a)/a)f)

~
High pass filter




What 1s the role played by ‘H P (a))‘2 ?

() - o/ e)

[1—(0)/@,)2}2 +4g; (a)/a)f)2

An artefact to remove singularity at =0 in the support

displacement.

Introduction of non-stationarity

and a time domain analysis
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Digital simulation of earthquake ground motion
using SDE approach
Filter from bed rock to ground level

mz, +cl(z'1 —)'cb)+k1 (z1 —xb) =0

V=2 =X

my, +cy, +ky =-m3,

Vi +2noy, + 0)12)/1 ==X, = e(t)S(t)
<s(t)> = O;<S(t)s(t + r)> =16(7)

e(t)= deterministic modulating function

Zy =—2nwy, - a)12y1
High pass filter

Y, t2n,0,y, + 0)22Y2 =2nwy, + wf)ﬁ
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Examples for envelope function

(¢

2
e(t)= —j for 0 <t < 4s

\ 4

=1 for

=exp

4 <t <24s
1 2

—(t—-24

(1-24)

fort>24s

e(t)=a [exp (—at) —exp (—,b’t)]




C
o)
ge:
©
S
Q@
o
O
&
®

Bed rock motion (schematic)
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y, +2n,my, + a)lzy1 = e(t)s (t)

j}z +2772w2)>2 + a)zzyz — 2771601)./1 +0)12y1

(Ground displacement] [y, (t)\

(1)

| Ground acceleration | |y, (t))

.
A4
\
=~

Ground velocity

Introduce
- A - 3 C e ) B
X, )2 X, 0 1
. 2
X y X -, —2nw
) 2 Gy 1 L 4 .2 [ 1 11
X, Y, X, 0 0
. . 2
\x4J \yzz kx4/ | a)l 2771w1

-+ 3

' o = o
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(dx, ] 0 1 0 0 |[x 0
d 0’ 2no 0 0 ||x 1
e V2l Le(r)dB (1)
dx, 0 0 0 1 X, 0
dx, ) | 0)12 2n,0, _a)zz 21,0, || X, 0]

(Ground displacement | (x3 (t)

N\

Ground velocity
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| Ground acceleration ) |a (t)

_ 2 2
a (t) =—2n,0,x, — O X, +21,0,x, + @ X,
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1.5 order Strong Taylor scheme

Y. (n+1) = Yk(n)+ak(n)A+bk(n)AW+%lek(n){(AW)2 —A}

+La,(n)AZ +L'b, (n){AWA—-AZ} + ELOak (n)A” + ELllek (n)
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ot o ¢ ox, 24395 o X OX
o ®, 2 0 0
=—+x, —+|(2no0x, —0'x, | —+x, —+
o Ox, ( %4 l)axz ’ OX;

0

+ (—2772a)2x4 — @ x, +217,0,%, + @ X, )6_
X

4

La =-2nwx,— o x,

La, =x, (—a)l2 ) - (—2771a)1x2 —’x, )(—2771(()1 )
La, = (—2772a)2x4 — @5 x, +217,m,x, + a)lle)
La, = x, (‘012 ) + (—2771601)62 — X, )(27710)1 )

+X, (—0)22 ) + (—27720)2x4 — @ X, +217,m,%, + @] X, )(—27720)2 )

ngO,LOb =0;j=1,3,4

L’b, =
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Remarks

Consider the nonstationary random process model
¥, (1)=e(1)s(7)

with

e(t)=deterministic envelope and

s(t)=zero mean, stationary, Gaussian random process with
prescribed PSD function S (o).

One could simulate samples of s(¢) by using

s(t)= ian sin (,t)+b, cos(w,?)

n=1

where a,,b ~ N(O,O',f), a lavVn#k,b 1LbVn+k,&
a, L b¥nke|l,N]; :rS(a))da)zbmj

It 1s not obvious in this approach on how to simulate

samples of [ x, (1) %,(r) %,(1)].

30




VARIANCE REDUCTION



g(x)<0 —00
an
© :Z;Zl[g()(i)] —

0) =3 (1[s(x)])= 3 a

i=1

® 1s an unbiased estimator with optimal sampling variance
— 1 P.(1-P.)
Var(®)= ) —P.(1-P r F
(©)-3tr0-2) @




lllustration

G:\/PF(l—PF):>

n

P.(1-P
Coefficient of variation { = °_ : \/ F ( F )
m PF n

=14 =\/(1_PF) = : (for small P,)
P.n \/ﬂ "

= Suppose £ =0.10&P, ~107

— Number of samples needed n ~ 10’

Similarly, for £ =0.01, P. = 107

= Number of samples needed n ~ 10’




Remarks
P.(1-Pr)

n

(1) Variance of estimator (= j 1s independent

of size of basic random variable vector X.

(2) If this variance 1s large, the utility of estimator becomes
questionable.

(3) It appears that, in order to reduce the variance of the estimator
we need to increase sample size n.

(4) Question: Can we reduce the variance of the estimator without
increasing »n ?

= Variance reduction techniques.




Problem of variance reduction: how to reduce Var(0)
without increasing sample size?

P. = j ]{g(x) < O}pX (x)dx
This 1s re-written as

P, = j‘ (x)<0 pX( ) V(x)dx

where &, (x ) 1s a valid pdf and satisfies the condition

Py (x)>0=h, (x)>0.




= P = [ F(x)h, (x)dx where

[{g(x) < O} Dy (x)
hV(x) |
= P, = <F(X)>h

F(x)=

<0> , = Expectation defined with respect to the pdt 7, (x)
Note: at this stage the function /, (x) is yet undefined

and needs to be suitably selected.




N
=1

LetJ = ZF ) where {V } _ are drawn from 7, (x).

We have shown that J 1s an unbiased estimator for P,
which minimzes the sampling variance with the lowest

sampling variance being
Var F (V)

Var //

Var[F(V)]<< , (V) - P.; >




We now select 4, (v) such that Var[F (V)]

1s minimized. Clearly if we select

j ()= 110 %]px(v)/

it follows Var[F (V)] = 0.

This would mean that even with one sample

we will get the exact estimate of P.
The pdf A, (v) is called the ideal

Importance sampling density function (ispdf).




Remarks

* The construction of the ideal ispdf requires the
knowledge of probability of failure — the very quantity
being sought in the first place.

 The ideal ispdf cannot be realized In practice.

 However, the fact that it is guaranteed to exist itself is an
assuring idea: one could look for suboptimal solutions.
Here the sampling variance may not be reduced to zero
but one could attempt to reduce It.



1
Evaluation of / = j x"dx revisited. < ij
0 ([(O/ ))

I = LZN: Xiz where {X .}N are samples drawn from 7Z'(X).
N . i=1

1) i=

40




Let 7z(x)=3x2;0<x31.

- 1S X
1 =—Z —=— for any value of N and hence for N=1.
N<=3X" 3

i=l1 i
7(x)=3x%;0<x <1 is the ideal ispdf.
Catch: the definition of this 1spdf requires the

knowledge of I being evaluated.




pdf
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m(x)=ax’;0<x <1
__—=

1 1
jﬂ(x)dlebjaxzdx=1:>a =
0 0

1

j x dx

0

=3.

TNS———




Remarks:
(a) Variance reduction can be viewed as a means to use

known information about the problem.

(b) If nothing is known about the problem, variance reduction

1s not achievable.

(c) At the other extreme, that 1s, when everything about the problem 1s

known, variance reduces to zero but then simulation itself is not needed.

>

(d) How do we get information about the problem?

- Perform a few cycles of brute force simulations and learn

something about the problem.




Let X~N(0,1)

Consider the evaluation of

r | u’
[=P(X > )= exp| — |du
( f) gﬂ P ( 2]
Let f=3.
1 =0.00134989803163. —

exact
—_— //

—

= G

I using 296318 samples (cov = 0.05) = 0.00134989803163
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Model -1

While running the simulation in the above step,
we collected samples lying in the region X > f.
The mean and standard deviation of this sample
set was found, a normal pdf was fitted using these

moments and this pdf was used as the 1spdf.

With this, T = 0.01339970654285 (1000 samples).




Model 2
The ispdf was taken here as N(m,s) with

-[{2]
V27D (-p)

S=<(X—m)2|X>,B>:1+,Bm—m2.

m=(X|X> f) =

With this, I =0.01436317152000 (1000 samples)

The ideal ispdf
2
hi;leal (X) _ _X_

1
7 MCD(—ﬂ)exp{ 2

}U(x—,b’);,b’<x<oo

/
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Sub-set simulations using Markov
Chain Monte Carlo (MCMC)

« S KAuandJL Beck, 2001, Estimation of small failure
probabilities in high dimension by subset simulation, Probabilistic
Engineering Mechanics, 16, 263-277

 J S Liu, 2001, Monte Carlo strategies in scientific computing,
Springer, NY.

/3



Basic idea

eSmall failure probability can be expressed as a product
of larger conditional failure probabilities.

eThese larger conditional failure probabilities can be
estimated with lesser computational effort.

oThe method 1s applicable to a wide class of problems

—
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Overiview of MCMC simulation method

Let X bea d x1 vector of random variables with jpdf p, (x) =7 (x).
This pdf could be specified as 7 (x) = k7 (x) where k could be unknown.
Objective
To simulate samples of X and to evaluate E[ f (X )}
According to MCMC,
|
(0= 21X )

where t, <t, <t, <---<t, and X (¢,), X (¢,),---, X (¢,) form a Markov Chain

with stationary pdf ﬁ(x) = kﬁ(x).
Question

How to form a Markov chain whose stationary pdf (x) =kr(x) is

specified?

51



Recall

Markov Property

A scalar random process X (¢) 1s said to possess

Markov property 1f

PlX(t,)<x, | X(t,0)<x, X (1, )< x, 0, X(4)<x |

=P X(1,)<x, | X(f,,)<x,,

for any n and any choice of 0<¢, <1, <---<t¢,.

n

p(xlnxza”'»xn;tlatza”' ) p(xlat)l IP XL, l;tv—l)
o ~\~ _2
Multi-dimensional jpdf Initial pdf ~ /
Tt IIIITe E— Product of transistional pdfs




Consistency condition for a vector Markov process
(CKS equation)

p(x,t, |x1;t1)=jp(x2;t2 |, 7)p (%57 x58,) dx

L =1, _>OO:>p(x2;t2 |x1;t1)_)p(sz;t2)

"
R4

—

xz, jpx2,2|x2' xrdx//

KERNEL

This 1s can be written 1n the form

= J‘{I(x,y)ﬂ(x)dx //

~
KERNEL




Metropolis - Hastings algorithm

1. Inmtialize x,;set ¢ =¢,.

2. Define a d-dimensional pdf g (-| X, = xt) called the proposal pdf.

Draw a sample y from q(-| X, = xt).
[For example g (¢ X, =x, )~ N{-,xt,azZ} ]

—

3. Let U~U|0,1]. Simulate a sample - u from U~U][0,1].
{1 ﬂ(y)q(XIy)}
7(x)q(yx)
5.ffu<a(x,y), setX,, =y else X, =x,.

——

4. Define a(x,y) = min

6. Incrementtr >r+1.Ift=T

max 2

exit; else go to 2.
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Explanation
We need to show that the stationary pdf of X,

[simulated as per the algorithm outlined in the previous slide|

1S 72'()6)
_—
Wehave X, , =Y 1f U < a(x,y)

= X, otherwise
— p)(t+1 (xt+1 |Xt :xt):q(y | Xt :xt)a(xt,y)

+5xt+1 (xt)[l—jq(y | X, = xt)a(xt,y)dy]
where
5. (x,)=1|x,, =x,] withI[+] being the indicator function.

Xevl

Alternative notation
p(¥1x)=q(ylx)a(xy)+0,(x)| 1-[q(yIx)a(x.y)dy |= 4(x.»)
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We have

jﬂ(x)A(x,y)dxzﬂ(y) )74,

e

-

Condition of detailed balance

(x)A(x.y)=7(y)4(y.x) —

If this condition 1s satisfied we get

J-ﬂ(x)A(x,y)dx:J‘ﬂr(y)A()Zc_)dx :ﬂ(y)jA(y,x)dx 272'()/)

- E—

Question:

Does the function

p(v1x)=g(vIx)a(x.y)+5,(x)| 1-[q(y|x)a(x)dy | = 4(x.)

satisfy the condition of detailed balance?
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p(r1x)=gq(yIx)a(xy)+d,( )| 1-[q(y1x)a(xy)dy]

Let us consider the two terms separately for checking

the condition of detailed balance.

A(x,y):c{(ﬂx)a(x,y)=q(y|x)min I,Zggzg || ;ch:

B

—

= A(x.y)r(x)=min[ 7(x)g(y1x).7(y)a(x]5)] £

Similarly,
(X)q(ylx

A(y,x):q(x|y)a(y,x):q(x|y)min ljﬂ(y) ( 5
:>A(y,x)7z(y)=min 7z(x)q(y|x),7z( q Q/
:A(x,y)ﬂ(x)zA(y,x)iz(y)f

— The first term satisfies the condition of detailed balance.
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How about the second term?

:>7z(x)A(xy [

A(x,y)=5 [ jq y|x (xy)dy]

Iq (vlx)z

=5y(x) —jq y|x ( )mm

q(x

q(x

1,

7(

x y)dy]

y) (x|y) "

a(x)g(vlx) |
=5, (x ) x)=[min[ 7(x)q(y]x), 7 (»)q (x| ¥)]ay |
Similarly, 4 ( y,x)=0,(y)| 1=
7(v)A(3,x)=8,(»)| 7 ()|
=3, (x)| 7(y)~[min[z(»)q (x| »).7(x)a(y] x) Jdx]

Notice: for the non-zero terms inside the bracket, x = y.

y)a
y)7

(3,x)dx |
(v)er (y,x)dx |

\|:> Detailed balance is satisfied by the second term also.




Subset simulation : motivation
mj+cy +_ky4;<f[y,y,t] = _—_}](t );»(0),7(0) specified

q (t) . zero mean, stationary Gaussian random process.

= 2@008 (,) +@sin (,1) //

where a ,b, ~N(O op ), a LaNn+k,b 1LbVn+k,&

—
—_—

a, 1L b¥n,ke [1, N]; Tl S, (a))da) = 27705

Let z =h [ y t] a metric of system performance.

’\'

We are interested in estimating P [z( )<z'Vtel0,T]].

Note: The system parameters could also be randong (6’ )
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o0

P, :_J;[[g(x)SO]pX (x)dx//
B, :%i[[g()(“))so} Y

Remark

o P, is an unbiased and consistent estimator of P, with

minimum variance. The optimal variance 1s given by
2 _ b F (1 - B F)

oF - //

Pr




lllustration

_ :\/PF(I—PF) _

n

P (1-P
Coefficient of variation ¢ = o _ : \/ F ( F )
m PF n

=24 =\/(1_PF) = 1 (for small P,)
P.n \/ﬂ "

= Suppose ¢ =0.10&P, ~107

= Number of samples needed n ~ 10’

Similarly, for £ =0.01, P. = 107

= Number of samples needed n ~ 10’




Subset simulations
F = [g(X) < O] = Failure event

Define
F,oF,>---2F, =F such that

Kk

Fo=(F.k=12,m

v
Il
pac]
b
[l
~o
—
_ s
e
N

~,

S -~ I
I %
. Nﬁ ‘
N——

=P£Fm |ﬁFijP

|l

pact

b

EI“U

~
—

N’ﬁ = Il
N

e
// ) % ﬁ'F; 7(2()30
— =
=@
= PF: @ @ ' @
3
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Remarks

m—1

P i+1 |F

z:l

If F,-s are configured such that P(F,, | F;) and P(F,)

are much larger than P, then we will be able to estimate

P. 1n terms of produgt(of "large" probabilities.

/

Suppose, P. ~107°, then we could obtain an estimate of P,

as 1;0—6 ~(107)x(107)x(107) % (107" ) x (107 ) x(107).

Estimation of probability of failure of the order of 0.1 can be

easily done using MCS because the failure events here are more

frequent.
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Remarks (continued)

m—1
P =P(R)[]P(E.IF)
—_— =l

P(F;) can be estimated using a "brute force" Monte Carlo.

|m7: 1;, .--,m—1 can be estimated using MCMC.
S~

N—
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