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1.5 order Strong Taylor scheme
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More general versions of the integration schemes are available: see
P E Kloeden and E Platen,  1992,  Numerical solution of stochastic 
differential equations,  Springer Verlag,  Berlin

Remark
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Bouc's oscillator under white noise
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1.5 order Strong Taylor scheme
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Numerical values
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Displacement
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Extreme value
PDF of the
displacement
in steady state
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Kanai Tajimi & Clough and Penzien
Power spectral density function models
for free field earthquake ground acceleration
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Clough and Penzien model
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Introduction of non-stationarity
and a time domain analysis
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Digital simulation of earthquake ground motion
using SDE approach
Filter from bed rock to ground level
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Examples for envelope function
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1.5 order Strong Taylor scheme
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Consider the nonstationary random process model
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VARIANCE REDUCTION
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(1 )(1) Variance of estimator =  is independent

of size of basic random variable vector .
(2) If this variance is large, the utility of estimator becomes 
questionable.
(3) It appears th

F FP P
n
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Remarks

at, in order to reduce the variance of the estimator 
we need to increase sample size .
(4) Question: Can we reduce the variance of the estimator without
increasing ?

.

n

n
 Variance reduction techniques
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We now select  such that Var ( )  
is minimized. Clearly if we select
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it follows Var ( ) 0.
This would mean that even with one sample 
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importance sampling density function (ispdf)
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Remarks

• The construction of the ideal ispdf requires the 
knowledge of probability of failure – the very quantity 
being sought in the first place.

• The ideal ispdf cannot be realized in practice.

• However, the fact that it is guaranteed to exist itself is an 
assuring idea: one could look for suboptimal solutions. 
Here the sampling variance may not be reduced to zero 
but one could attempt to reduce it.

39
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(a) Variance reduction can be viewed as a means to use 
known information about the problem.

(b) If nothing is known about the problem, variance reduction
is not achievable.

(c) At the other extr

Remarks : 

eme, that is, when everything about the problem is 
known, variance reduces to zero but then simulation itself is not needed.

(d) How do we get information about the problem?
               - Perform a few cycles of brute force simulations and learn
                 something about the problem.
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0.00134989803163.

0.00134989803163
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Model -1

While running the simulation in the above step, 
we collected samples lying in the region X . 
The mean and standard deviation of this sample 
set was found, a normal pdf was fitted using these
m



oments and this pdf was used as the ispdf. 
ˆWith this, I  (1000 samples). 0.01339970654285
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The ideal ispdf 
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Sub‐set simulations using Markov 
Chain Monte Carlo (MCMC)

• S K Au and J L Beck, 2001, Estimation of small failure 
probabilities in high dimension by subset simulation, Probabilistic 
Engineering Mechanics, 16, 263-277

• J S Liu, 2001, Monte Carlo strategies in scientific computing, 
Springer, NY.
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Small failure probability can be expressed as a product
 of larger conditional failure probabilities.
These larger conditional failure probabilities can be 

 estimated with lesser computation





Basic idea

al effort.
The method is applicable to a wide class of problems
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We have
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If this condition is satisfied we get
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Condition of detailed balance

fy the condition of detailed balance?
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Let us consider the two terms separately for checking
the condition of detailed balance.
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How about the second term?
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Subset simulation : motivation
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:  The system parameters could also be random .
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1

2
ˆ

0

1ˆ 0

ˆ  is an unbiased and consistent estimator of P  with 
  minimum variance. The optimal variance is given by

(1 )  .
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F
ˆ

5

7

5

P 1

11Coefficient of variation 

1 1  (for small )

Suppose 0.10& 10

Number of samples needed 10 .
Similarly, for 0.01, 10
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0 Failure event

Define
such that
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Subset simulations
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1

1 1
1

1 1

6

|

If -s are configured such that |  and 
are much larger than ,  then we will be able to estimate

 in terms of product of "large" probabilities. 

Suppose, ~ 10 ,
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Remarks

           6 1 1 1 1 1 1

 then we could obtain an estimate of 

as 10 ~ 10 10 10 10 10 10 .

Estimation of probability of failure of the order of 0.1 can be 
easily done using MCS because the failure events here are m

FP
          

ore
frequent.
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1 1
1

1

1

|

 can be estimated using a "brute force" Monte Carlo.

| , 1, 2, , 1 can be estimated using MCMC.
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Remarks (continued)




