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Recall
Pseudorandom number generator
Simulation of random variables

e Scalar/vector

¢ Gaussian/non-Gaussian

e Completely specified/partially specified
Methods

¢ Transformation method

e Accept-Reject method




Fourier representation of a Gaussian random process

Let X (t)be a zero mean, stationary, Gaussian random process defined as

X(t) = Zan cosw, t+b smw t; o, =naw,

n=1

Assumptions

Here a, ~ N(O,an),bn ~ N(O,an),
<anak> =0Vn # k,<bnbk> =0Vn £k,
<anbk> =0Vn,k=1,2,---,0

o0

= <X(t)> = Z{<an>cos @, + <bn>sin a)nt} =0

n=1




(X(t)X(t+7))=
nzoj;{an cos, t+b sin a)nt}nzoj;{an cosw, (t+7)+b,sinw, (1 + r)}>

o0

Zi«an cosw, t+b, sin a)nt)(an Cos @, (t + T) +b simmao, (t + T))>
m=1

n=1

o0
= R,y (r) = Za,f CoOS®, T
n=l




Fourier representation of a Gaussian random process
(continued)

Consider the psd function

ZS Aa)éa) a))

jZS JAw, (-, )cos( wr)@m

_Oonl

XX 27[ZS Aa) cos 0, 2')




Compare this with

o0
B 2
Ry, (Z')— E O, COSM, T
n=l1

S(a)n)Aa)n

, we see that the
27T

By choosing G,f =

two ACF-s coincide.




By discretizing the psd function as shown we can simulate

samples of X (¢) using the Fourier representation

o0

_X(z‘) = Z{an cosw,t+b, sin a)nt}; @, = naw,

n=l1
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Example
Simulate samples of a zero mean stationary Gaussian

random process with following properties:

1 @
S(a)):\/%aexp Ry ;—00 < @ < 0
I=2;a=6

N
X(t)= Zan cos(w,t)+b,sin(w,t)
i=1

I =5s;N=120;0 =nw,;w, =0.2513 rad/s

max

@ _ =0.2513x120=30.1593 rad/s.
At =0.0419 s
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mii+cg(u—5cb)+k (u—xb)zO

= u+2n,0, u+a)u 2n,@ xb+a) X,
Lety=u

( +4772 2 2)

222

S (a)):]

(a) —a)) +4n,0
[=lw, =87 rad/s; n, =0.6
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Probability

Probability distribution function of X(t)
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Simulation of partially specified non - Gaussian

random processes : Nataf's transformation

Let X (¢) be a random process whose first order pdf and

the ACF functions are available. No further information about
the process is available.

X (¢) need not be stationary.

How to simulate samples of X (¢)?

Defing Y ( ): so)that

(Y(¢))=0&

Introduce a new random process Z(t) through the transformation

o[ 2(1))=R (1]

Here @ |e]|=PDF of N(0,1) random variable.

Z(t) 1s a zero mean Gaussian random process with an unknown

covariance function.

20



o[2(1)]=A [ (1]

v(e)=pR" @[z (1) ]} .

<Yt Yt =TTPYI{CD[ZI]}PYI{(D[Zz]}¢(Zl,zz;0,p*)dzldzz

—00 —00

Qnowt .

P (1 t J‘J‘P_l ; [ ]}¢[zl,zz;0,,0*(tl,tz)szldzz
—— —00 —00

Remarks UI\VV\WYV

eRHS is known and p" (¢,,7,) is not known
.‘pxx (4,1, )‘ < 1&‘,0* (tl,tz)‘ <1

0¢[zl,zz;0, o (tl,t2 )]

Steps

eSolve for p’ (tl,tz)

eSimulate Z (t)

eSimulate Y (#) and hence X (¢).
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Simulation of vector Gaussian random process
Let X (t) and Y (t) be two jointly stationary, zero mean

Gaussian processes with
(X ()X (t+7)) =Ry (7)
(Y ()Y (t+7)) =Ry (7)
(X ()Y (t+7)) =Ry (7)

Note:




T
RYY(T)=217TIOSH( Jexp(—ior)dw; S,
RXY(T):;ZT;SH( Vexp(—ior)dasS,,
Ry (1) = [ S (@)xp(-ior) das S,y (o

o0

0)= [ R

T;
)= [ 8o
=[5

exp za)r dz'

exp za)r dz'

exp za)r dr

eXp za)z' a’z'

Sy (@)= T;ORXY (7)exp(iwr)dr = j Ry (—7)exp(iwr)dr =S,, (o)

—00




27
1 7 .
=E_w[FXY(a))cosa)f+AXY(w)smwr]da)
1 .
i j [FXY(a))sma)r—AXY(a))cosa)r]da)

R,y (7) is real valued =

L [FXY(G))Sina)T—AXY (a))cosa)r]da): 0

The above is true if
[y (-0) =Ty (@) &4y, (-0)=-Ay (o)

30



T Ty (@)coswr+A,, (0)sinor |do

[ (0)&A,, (-0)=-A,, (o)

[FXY (w)coswr+ Ay, (@)sin a)f} dw

N |~
O ey 8
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Fourier representations

N

X(t) = Zan cosw, t+b simw t; o, =naw,
n=l
N

Y(t) = ch cosw,t+d, sinw, t; @, =kaw,
n=l

Assumptions
a, ~ N(O,O‘Xn ),bn ~ N(O,GXn ),
<anak> =0Vn # k,<bnbk> =0Vn # k,<anbk> =0Vn,k=12,---,N

N

= <X(t)> = Z{<an>cos @, 1+ <bn>sin a)nt}

n=1

0

N

<X(t)X(t + r)> = Za)zfn cos(w,7)

n=1




N
Y(t) = ch cosw,t+d, smat; o, =k,
n=l

Assumptions
c, ~ N(O,GYn),dn ~ N(O,GYn),
<cnck> =0Vn # k,<dna’k> =0Vn # k,<cndk> =0Vn,k=12,---,N

= <Y(t)> = nﬁ;{<cn>cos @, 1+ <dn>sin a)nt} =0
< t+r> iaﬁncos a)r

n=I




N
X(t)=) a,cosm,t +b,sinw,t; o, =na,

n=1

N
Y(t) = ch cosw,t+d, sinw, t; @, =kaw,

n=1

N N

<{Z a,cosw.t+b, sina)nt}{z ¢, cos@, (t+7)+d, sinw, (¢ + r)}>
N N

= <ZZ[an cos@, t+b sin a)nf][ck cos, (t+7)+d;sinw (¢+ z')}>
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(X()Y(t+7))=
Zz<anck>cos w,tcosw, (1 +7)+(a,d, )cosw,rsinw, (t+7)

+<b ck>sina)ntcosa)k (t + T) +<b dk>sina)ntsina)k (t + r)

n

<a Ck> O yen©, <a d > Gadn5nk;<bnck> = Gbcné‘nk;<bndk> = dengnk

acn = nk ?

Ry (7)= ZO'M o8 @, cos W, (1 +7)+ 0y, cosw,tsinw, (1 +7)

n=1

+00,, SIN @, 1 COS @y (1 +T)+ 0y, SiN @, 8N @, (£ +7)

Furthermore, assume o, =—0,, &0,, =—0,_,

N
:>RXY(Z')= Z(aacn cosw,7+0,, SINW r)

n=1




N
2
ZGXn cos @, T 1)

n=1

N
ZCT . cos 2)
n=1

Mz

c,,C08®W T+0,, SIN® Z') (3)
:1

Consider
N

Sy (@)= Sy (@,)A0,6(0-o,)

n=1

o0 o0

1

ﬁH(T):EjSH(w)eXp za)r zz—jSH cosa)rda)

—00
© N
1

- j D Sy (@,)A0,6(0-o,)cosordw

—00 I’l=1




2
Similarly define
ZS Aa) 5 ) and
Syy (a)n )Aa)

select o, =[

2

: ] so that Ry, (7)




1 o0

RXY(T)Zz— S (®)exp(—ior)dw
72-—00
zziJ-[FXY(a))JriAXY(a))}[cosa)r—isina)r]da)
7z-—oo
zzij[FXY(a))cosa)r+AXY(a))sina)rJda)
72'_00
Consider

39



2T 27

n=1

ot

}cos o T +{AXY (a)” )Aa)”

}sin T

Compare this with

N
Ry (7)= Z(Gacn COS 0,7 + 0, Sinm,7)

n=1

If we select

oo | Bl [onle)

27

= ﬁw (r) =R,, (2')




Summary

N
X(t)=Y a,cosm,t+b,sino,t; o, =na,
n=l
N
Y(t) = ch cosw,t+d, smw,t; o, = ko,
n=l

a N(OaXn)b N(O
anak> O‘v’n¢k< >
~N(0,
i) =

n)

Ox
OVn #k,(a,b,)=0Vnk=12,--,N
GYn)

OVn#k,(c,d, )=0Vn k=12, N

O 4en nk9<a d > Gadngnk9<bnck> = Gbcn5nk§<bndk> = O hinOnk

J — _den & J _Gbcn




Summary (continued)

N KO / Gg(n O
2
0 0 o
>~ N| < o
O Gacn Gbcn
. 0
) ’ i ’ \_Gbcn Gacn
(S Y (a) Aw, ] )
= > GYn —
27T
_ r ” _
= = ( & Open =
27T




Summary (continued)
N

Ry, (r) = Za)z(n cos(a)nr)
n=I
N

Ry, (r) = Zaén cos(a)nr)
n=I

N
R,y (2') = Z(Gacn cos®, 7+ o,, Sin a)nr)

n=1




N

Ry (7)= Z(Gacn COS W, T+ 0, Sinw,7)
n=l

=R, (2') =

N
Ry (—7)= Z(o-acn cos®,7— 0, Sinw,7)
n=1




Exercise : Simulation of spatially varying earthquake

ground acceleration
Consider X (t) and Y (¢) to be two random processes

representing ground accelerations in the horizontal

direction at two stations separated by a distance d ,,, .

X (¢) and Y(¢) can be taken to be jointly stationary,

Gaussian and zero mean random processes. The auto-psd

functions of X () and Y (¢)may be taken to be of the form
2

S(w)= ]‘H1 (a))‘ ‘Hz ()

‘2

45




S(o)=1|H, (o) |H, (o)
with

‘2

o 1+i2n[az] (o

a)ls) ]S
wg wg a)f a)f

The above psd 1s fashioned after the Kanai-Tajimi1 psd function
in which an additonal filter /, (@) is introduced to ensure that
the ground displacement is well behaved at low frequencies.
The coherency function can be taken to be given by

dXY

e (@) =exp[—a‘dnuexp[—ia)7}

Develop a code to simulate samples of X (¢) and Y (¢).




The coherency function can be taken to be given by

¥ vy (@) =exp :—05 d || exp{—iw%ﬁ}

Develop a code to simulate samples of X (¢) and Y (¢).
Assume @, =15.6 rad/s, n=0.6, I=1 (m/s/s),

o, =0.8 rads/, =0.5, d,, =100 m, =0.1 /m,
and V=250 m/s.

From the ensemble of time histories generated

estimate the psd and cross psd functions and compare

them with the target values.




Generalization

N

X(t) = Zan cosw,t+b s t; o, =naw,
n=1
N

Y(t)= ch coswt +d, sinw,t; o, = ko,
k=1

Z(t) = Zem cosw, t+ f sinw t; @, =mao,

m=1

~ N(O,O‘Xn),b

n

~N(O CTXn),
N(O CTYn) d ~N O,GYn),

N(O O'Zn) f,~N O,GZ)

a, =O‘v’n¢k<bb> O‘v’n¢k,<anbk>:0vn,k:1,2,...,
‘ (
(c,c;)=0Vn=k,(d,d)=0Vn=k,(c,d,)=0Vnk=12,",
€

(
(e,e,)=0Vn=k,(f,f,)=0Vn#k,e,f)=0Vnk=12,,

N

N

N




Generalization (continued)
<a Ck> T 4en®, <a d > Uadn5nk5<b Ck>:chn5nk5<bndk>:‘7bdn5nk

acn = nk ?

<anek> aen nk’<a fk> afn nk’<b ek> O-bengnk;<bnfk> = ben5nk
<Cnek> cen nk9<c fk> cfn nk9<d ek> Gden5nk;<dnfk> — Gdfnank

_O-bdn & o — _O-bcn




Simulation of a multi - parameter random process

Let f (x,¢) be a random process evolving in x and ¢.
Let < f( )> =0&
< f x +&,t+ r > =

Oj; ]i@p[ i(Aé+wr) déda

A, coswitcosAx+ B, cosmtsinA x

i

n

=1

+C  sinw tcosA x+D sinwtsin A x

{4,.B,,C..D, }n ., = zero mean Gaussian random variables.




A,.,B,,C..D, }n 4 = zero mean Gaussian random variables.

A > GAnk 5nr 5ks

nk

B kB rs> GBnkénr 5ks

n

— Gan 5nr 5ks




N
ZA cosw tcosA x+ B coswmtsinAd x

nk
n=1 =1

Mz

(f(xt) f(x+Et+7)) =<

+C ,sinw tcosA x+ D sinwtsin A x]

ZZA cos®, (t+7)cosA (x+&)+B, cosw, (t+7)sin A (x+¢)

r=1 s=1
+C_ sinwtcosAx+D_sinwtsin A x]>
—

This can be reduced to the form

R, (&,x) ZZA cos @, 7cos A &E

n=1 k=1
with

4r




Markov prgcess approach for simulation of non - Gaussian random
Processes

Let X (¢) be a stationary Gaussian random process defined on [x;,x, |.
Letp, (x) be the first order density function and the psd function

(for the purpose of illustration) be

2
ac
S, ()= ;a0 >0 /
u (@) 7z(a)2 + 052) /
Here o is the meansquare value of X (¢).
Consider the SDE

dX (t)=—aXdt+D(X)dB(t)

The psd of response in the steady state 1s obtainable.

The steady state solution to the govenring FPK equation 1s obtainable.
Demand that these solutions match with the target psd and pdf.

Determine drift and diffusion coefficients so that this becomes possible.




Multiply the above equation by X (t — r) and take the ensemble

average:
dX (t)=—aXdt+D(X)dB(t)

(X(t-7)dX (1)) =—a(X (t—7) X (t))di + <X(t ~7)D| X(1)] dB(t)>

‘”;(:) - —aR(r)

:>R(T)=ACXP(_0“TD o< = OL%

Select A = 0.

—

o exp(—df‘r‘) =

Remark
D [X(t)} has no influence on psd of X ().




dX (t)=—-aXdt+D(X)dB(t)

p__0 L0
o~ ol P ()] 5522 () ()]
Steady state

—dix[axp (x)} —%;%[Dz (x)p (x)]

I
-

Note :

Since p (x) 1s specified, the above equation needs to be

viewed as an equation for the unknown D x).




Summary
To generate samples of X (¢) with pdf p(x) and psd

2

S(a) = — ,/obtain steady state solutions of the SDE

X

p(x);!up(u)du.

dX (t)=—-aXdt+D(X)dB(t) = f?CDz,)

_2a

with D? (x) =




VARIANCE REDUCTION



0

— j pX(x)dx=j][g(x)]PX(x)dx:<l[g(X):|>

2(x)<0 —00

@1 [g(ﬁ

@ =Za.<][g X, ]>:PFia.

Select Z a, =1 = O 1s an unbiased estimator

Var Za Var[ g(X, ]

<[1 g(X)| >_ P{g(X)<0}+0P{g(X)>0}=P.




Var| I{(g(X)} |= P, - F;
Var(@):zn:aizPF(l—PF) —

i=1

Select {a;}_ > Var(0)

i=1

1s Minimized subject to Zai =1.
=
L= ZafPF(l—PF)+/I{Zal. —1}
i=1 i=1
OL
—=0=>2aq,P.(1-P.)+A=0;k=12,---,n
oa,

A
2P.(1-F.)




o \/pa p%




lllustration

G:\/PF(l—PF):>

n

P.(1-P
Coefficient of variation { = °_ : \/ il ( F )
m PF n

=14 =\/(1_PF) = : (for small P,)
P.n \/ﬂ "

= Suppose ¢ =0.10&P, =10~

— Number of samples needed n ~10’.

Similarly, for £ =0.01, P, ~ 107

— Number of samples needed




Remarks
P.(1-Pr)

—

of size of basic random variable vector X.

(1) Variance of estimator (= j 1s independent

(2) If this variance 1s large, the utility of estimator becomes
questionable.

(3) It appears that, in order to reduce the variance of the estimator
we need to increase sample size n.

(4) Question: Can we reduce the variance of the estimator without
increasing »n ?

= Variance reduction techniques.




Problem of variance reduction: how to reduce Var(0)
without increasing sample size?

P. = j ]{g(x) < O}pX (x)dx
This 1s re-written as

P, = j‘ (x)<0 pX( ) V(x)dx

where &, (x ) 1s a valid pdf and satisfies the condition

Py (x)>0=h, (x)>0.




= P = [ F(x)h, (x)dx where

[{g(x) < O} Dy (x)
hV(x) |
= P, = <F(X)>h

F(x)=

<0> , = Expectation defined with respect to the pdt 7, (x)
Note: at this stage the function /, (x) is yet undefined

and needs to be suitably selected.




N
=1

LetJ = ZF ) where {V } _ are drawn from 7, (x).

We have shown that J 1s an unbiased estimator for P,
which minimzes the sampling variance with the lowest
sampling variance being
Var [F (V)]

N

Var[F(V)]<< , (V) - P.; >

Var(J)




We now select 4, (v) such that Var[F (V)]

1s minimized. Clearly if we select

][g(v)SO]pX (v)

h, (v) = P

it follows Var[F (V)] = 0.

This would mean that even with one sample

we will get the exact estimate of P.
The pdf A, (v) is called the ideal

Importance sampling density function (ispdf).




