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 is known as a simple random walk.
( ) is a discrete state, discrete parameter random process.
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In the limit of 0 as 0,  ( ) becomes a deterministic function.
This is not an interesting limit from probabilistic point of view.
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Wiener and Brownian motion  Processes
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The resulting process is known as the 
Wiener process.
This is a process with continuous state and

continuous parameter.
The process is a Gaussian process 

(central limit theorem).
The process is









Remarks

 nonstationary
If 0, the process is known as a 

Brownian motion process.
Without loss of generality we take (0) 0.B
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 is a process with independent increments.
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Wiener and Brownian motion processes are also Markov.

n

i
i

n

n n i
i

n n n

n

n

S t X

S X X

S S X
S
S











  

  









9

   
       

       

     
     

     
     

2 2

2 2

2 2

2

( )

We have 0 &

Let &  consider & 0

0 0

0

Similarly, if  we get

min ,

B t

B t B t t

t s B t B s B s B

B t B s B s B

B t B s B s

B t B s B s s

s t

B t B s B s t

B t B s t s









 

        

        

    

 



 

 

Autocovariance of



10

     
   

 
   

   

 
   

   

   

   

2

2

2

2

2

2
2

2
2

2

2
2

Consi

min ,

, min ,
Consider 

,  with 
de

,

,

r 
, s with 

1R

,

ec

,

al

,

l .

BB

BB

BB

BB

B

BB

BB

B

BB

t s
R

B t B s t s

R t s

t s t s

R t s
U t s

s

t s
s t

R t s t s t

R t s
U s t

t
R t s

s t
t s

R t s
t s

t

ax x
a

R t
t s

t s

s

s









 













 



 


 










 


 



 



 

 


 




 





11

       

 

2
2 2

2

,
, min , &
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BMP and Gaussian white noise process

 

   

2

e 
of a Brownian motion process.

: BMP is not pathwise differentiable in the meansquare sense
,

because lim .BB

t s

R t s
t s

dB t W t dt







 
 

Note



12

     
     

      
       
 

22

2 2

2

2

0

2

2

B t B t t B t

B t B t t B t

B t B t t B t

B t t B t B t t B t

t t t t

t





    

     

    

      

    

 

Increments of BMP



13

       
   

       

       

   

 

2

1 22

0

0

1 2 1 2

0

1 0

2

1, ; ,

( );

;
2

1, lim |

(0)

0; 2

; (0)

1, lim ( ) | 0

, li

n

t

n t

p x t

dx w t x

p

x
dt
w t w t w t D t t

dx t dB t x x

x t dB t X t x
t

x t

x t x t p x t
t x x

x t X t t X t X t x
t

 











 



            

     

 

  

 

  







Fokker Planck equation
Exampl

l

e

Reca l

   

     

2

0 0

2

2

1 1m | lim 2 2

; ;0 ; ; 0

t t
dB t X t x D t D

t t
p pD p x x p t
t x



   
       

 
   

 



14

     

     

     

   

   

 

2

02

2
2

2

; ;0 ; ; 0

Consider the characteristic function

, ; exp

1; , exp
2

,1 exp
2

1 , exp
2

,1
2

p pD p x x x p t
t x

M t p x t i x dx

p x t M t i x d

M tp i x d
t t

p M t i x d
x

M t



 

  



 



   





















 
    

 



 


 

 


 
















FPK equation

Solution

     21exp , exp
2

i x d D M t i x d
t

     


 

 

  



15

       

   

   

       

   
   

 

 

2

2

2
0

0 0

2
0 0

0

2
0

,1 1exp , exp
2 2

,
, 0

, exp

,0 exp exp

, exp

; ~ ,

1 1; exp ;
22

 is a nonstat

M t
i x d D M t i x d

t

M t
D M t

t
M t M D t

M x x i x dx i x

M t M i x D t

p x t N x Dt

x xp x t x
Dt Dt

X t


     

 


 

 

   

  



 

 






 




  


 

  

  



  
       

   

 



ionary, Gaussian, Markov random process



16

     2 2 1 1 2 2 1 1

1 2

Let ( ) be a scalar Markov random process. 
By virtue of CKS equation, the following is true.
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Equation (B) is called the Ito's stochastic differential equation.
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Example : Filtered white noise excitations
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Example : Linear MDOF systems
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Example : Nonlinear MDOF systems
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Next Lecture

• Solutions of FPK equations
– Transient solutions

• Linear systems with additive noises

– Steady state solutions
• All scalar equations
• All linear systems with additive noises
• A class of nonlinear and parametrically excited systems

• Moment equations


