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Simple random walk

Let { } be an 1id sequence of random variables
with

P(X=Ax)=p

P(X =-Ax)=q

such that p+q =1.

(X)=P(X =Ax)(AX)+P(X =—-Ax)(-AX)

= Ax(p-q)

(X?)=P(X =Ax)(AX)" +P(X =-AxX)(-AX)’
=AX*(p+q)

Var(X)={X?)~(x*)’

= AX*(p+0) - Ax Z(M)Z

= A (p+0) - (p q)” (- p+a=1)

(
=Ax2[ p+q J:4qu>52/




Let t be the time axis and let us divide the interval (0,t) into
n subintervals each of width At such that nAt =t.
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Define S (t) = Zn: X.
=1
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AX
=t(p-a)_+

Var| S(t) | =t4pgAx’

AX?
=t4pg——
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Remarks
*S (t) is known as a simple random walk.

oS (1) Is a discrete state, discrete parameter random process.
eConsider the limit of Ax >0 as At - 0

—
: : AX
IIm({S)=Ilimt(p-q)—

A A

and

. . AX®

lim Var S(t)]:AIanOtZ]-qut_)o
At—)O/ At—0

—

In the limit of Ax - 0 as At - 0, S(t) becomes a deterministic function.
This is not an interesting limit from probabilistic point of view.




Wiener and Brownian motion Processes
Consider the following limit of the simple random walk

AX? =0 as At > 0

with

ax— ot po g m/At) 1l At
2_ c 2_ o

N _

(S(t) > uts

Var[S (t)] —> 02;/

This Is an interesting limit!




Remarks

e The resulting process is known as the
Wiener process.

eThis Is a process with continuous state and

continuous parameter.

e The process Is a Gaussian process

(central limit theorem).

e The process Is nonstationary

o|f 11 =0, the process Is known as a
Brownian motion process.

e\Without loss of generality we take B(0) = 0.




=3, = XnJrnZ_iXi
=1

=S, =S ,+X, —

S, Is a process with independent increments.

S, Is Markov

= Wiener and Brownian motion processes are also Markov.




Autocovariance of B(t)
We have (Bt < >

Lett>s& con5|der [B ~B(s ]&[B

<[B ][B -B(0) ]>=0//
<[B (s) |B( s)>=0

<B(t)B(S)>:<BZ(S)>:025

Similarly, if s >t we get

(B(t)B(s))=(B*(s)) =0t

= (B(t)B(s))=o’ min(t,s)

(0)]




(B(t)B(s))=o?min(t,s)
Reg (t,5) =0’ min(t,s)
Consider s >t

Res (1,5) =0t with s > t

Considert > s
Res (1,5)=0o’switht>s

R
Ros (1) oy (sty Reeb3)_ oy 1)
ot OS
2R 2
TRoo (13) _ ass—ty TRonlbS) _ jagii_y)
otos otos
Recall 5(ax):ﬁ5(x).4/
2
_ 0°Rgg (t,9) _o%5(t—s)

otos
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BMP and Gaussian white noise process
0°Rgz (1,9)
otos
Notice: o°5 (t — s) IS the autocovariance function of a white noise

Res (1,5) =0’ min(t,s) & =o’5(t-59)

process.
— Gausslian white noise can be viewed as the formal derivative

of a Brownian motion process.
eNote: BMP is not pathwise differentiable in the meansquare sense

0°R... (t,s olk
because lim —=:8 (t:s) —5 0. —F = W CF)
t—s otos

dB(t)=W (t)dt
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Increments of BMP
AB(t) = B(t+At)— B(t)

(4B(1)) = (B(t+At)-B(1))=¢
(48%(1) = {B(0-+20)-B ()

= (B2 (t+At) + B2 (1) 2B (t+ At) B(1))
=0’ [t+At+t—2t]

= oAt




Fokker Planck equation
Example

‘;’t‘_w(t) X(0) =X, W

(w(t))=0:(w(t,)w(t,))=2D5(t, -t,)

dx(t)=dB(t);x(0) =%,
Recall

o 0 1 0°
a—i’:—&[ozl(xt)p (x;t) ]+_87[a2 (xt)p(xt)] /

an(x,t)zﬂin%it<[ t+At)- t]|x >//
a, (xt)= I|m—<dB(t)|X() X)=0

At—0 At
.1
o, (X,t) = M‘Oﬂqu ]IX >:1!LnoA_t2DAt:2D
op ~0p.
=D 2  P(x0)=5(x); p(+oo;t) =0 //




FPK equation

0 0?
a—?= D 8X2p ; D(X;O)=5(x—xo); p(iOO;t):O

Solution
Consider the characteristic function

M (6,t)= T p(x;t)exp(ifx)dx ——"

—Qo0

p(x;t):iiM (6.)exp(-iox)do —

bp) 1 caM(at)
o - _.' exp(—igx)dg .——

ot ot
G _[ ~0°M (0,t)exp(i0x)d0 L—
1 toM(0,t) N R .
= 27?‘[0 po exp(ifx)do = Dzﬂj 6°M (6,t)exp(ifx)do
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1 TaM (6,1)

2r - ot
8Mé§t9 t)+D92M(0t o/ﬁ/’
M(H,t)}_@@zt) o

5(x—x0)exp(i9x)(k=\ti|aﬁ‘9xo)

Y

M (6,0) =

é'—o8

= M (6,t) = My exp(ifx, — DO’ )
= p(x;t)~ N(x,, Dt)

— - D/

2
X=X,
EXP| —— , —00 < X <0

1 1
P(xt)= J27Dt 2( JDt

X (t) IS a nonstationary, Gaussian, Markov random process

exp (i6x)d0 = D—j ~6°M (6,t)exp(i0x)d6
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Alternative derivation of the FPK equation
Let X (t) be a scalar Markov random process.
By virtue of CKS equation, the following is true.

p(X2’t2 | X1’t1):j p(X2’t2 | X’T) p(X’T| X1,'[1)dX
forallt <z <t,.2—

This is an integral equation. The FPK equation is the
assoclated PDE and can be derived as follows.
Consider

o0

= | R(y)g p(Yit]%,t,)dy

—00

Here R(Yy) Is an arbitrary fuinction that admits
Taylor's expansion and R (4w ) — 0 sufficiently fast.




o0 - 1

.15

= lim = [RO[P(yt+ At xit) = Pyt it ) |y
)

=lm IR(Y)“ p(y;t+At|X;t)p(x;tlxo,to)dx}dy

_J R(y)p(ft|xo,t0)d@(1)

/ oy
R(y)=R(x+y-x)= R(X)+(y—x)R’(x)+(y2! ) R"(X)+---




The first of the integral reads
_[R(y)[j p(y;t+At|x;t)p(x;t|x0,t0)dx}dy

(y=x)

—Z{R(x)+(yx)R’(x)+ . R”(x)+--}

~—=

———

“ p(y;t+At|x;t)p(x;t|x0,t0)dx}dy

ConsiderJ'R(x)“ p(y;t+At|x;t)p(x;t|x0,t0)dx}dy

—00

— T R(x) p(x;t|x0,t0)ﬁ p(y;t+At|x;t)dy}dx

—00 —00

J/

1
o0

= I R(X) p(x;t|X,,1t )dx (This cancels with the last term in equation 1)




jp(y;t+At|x;t)p(x;t|x0,t0)dx dy

At—0 At

—00

"(x) p(x;t] xo,to){limi T (y—x)p(y;t+At] x;t)dy}dx

|
é'—-oS

X .17
(%) p(x;t|xo’to){1!m)§j(y—x)2 p(y;t+At|x;t)dy}dx+...

—00

| R'(X) A(x,t)+ R”(X)B(X,t)—l— R"(X)C(x,t)+- [p(Xt] X%,,t, ) dx




O_Eo A(Xxt)+R"(x )B(x,t)+ R”'(X)C(X,t)Jr--]p(X;tlxo,to)dx

o0

At—0 At

o0

A(X,t) = Ilmij(y x)p(y;t+At|x;t)dy\

1
B(x,t ):i!r%noA—t__L(y—x)2 p(y;t+At]x;t)dy

o0

.1
C(x,t):ﬂrﬁr%A—tj(y—x)3 p(y;t+At]x;t)dy--

Consider the first term

o0

| = j R'(X)A(X,t)p(x;t]X,,t,)dx

o X)%[A(x,t)p(x;t|x0,t0)]dx

Il
1
>
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Consider the second term
| = j R"(X)B(X,t)p(X;t]X,,t,)dx
' *© K ' 0
= B(x,t) p(xt]%,t)R'(X)] - j R (x)&[B(x,t) p(X;t] %t ) Jox

0

o0

:—{%[B(x,t) p(x:t xo,to)} R(x)}%+zR(x)§;[B(x,t) p(x;t] xo,to)]dx

| L/

Vo

0

=zR(X);:z[B(X’t) p(X;t] %t ) Jox




1 0°
S Bt (it . t) ]+ Jdx =0

Since R(x) is arbitrary it follows that

%p(yﬂxt [A X, 1) p(X;t] %, 1t)
1 0°
—Ey[B(x,t) p(X;t] %, ty) [+ O/

This is the FPK equation.

22




1 0°

LDt hte) +- (A1) D6t 1) ]2 (B Pt 1. ] =

OX

Remarks
eThis equation is also known as the Kolmogorov forward equation

o"Forward" because % p(y;t]%,,1t,) refers to time derivative

with respect to t > t,.
oA B,C,.-- are known as the derivative moments

o0

A(x,t)= Ilmij(y—x) p(y;t+At|xt)dy

At—0 At
_ﬂﬂﬂqx (t+At) =X (t)]1 X (1) >
B(x,t)= l!L“oAit<_x (t+ 40 - X (O] 1X (1) = x)

C(x, t)—l!TOAit< X (t+At)-X ()] x(t)zx>...
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Models for systems driven by white noise
excitations : Ito's stochastic differential equations
Consider the differential equation governing the nx1

vector x(t)

dx

t

Here f (t) IS @ mx1 vector random process and F isanx1
7 _ = _
nonlinear function. If f (t) and F are such that the integral

=F|[t,x(t), f(t)[;t=t, &x(t,) specified

t
_[F [r, x(7), f (r)]dr exists in a mean square sense, then

e

t
L —

X(t)—x(to) :jF [z',x(z'), f (T)]dz'---(A) L—

IS the solution.




If elements of f (t) are Gaussian white noises, then

t _—
IF [r, x(z), f (r)]dr does not exist in mean square sense and

to //—//"”
equation (A) loses its meaning.

For the sake of illustration, let us consider the scalar equation

%: f [t, X(t):|+G|:t, x(t)]w(t);t >0& x(0) is specified.

Here w(t) Is a zero mean Gaussian white noise-

Recall w(t) is a formal derivative of Brownian motion process.
That is, dw (t)=dB(t).
dx(t)=f|t,x(t)|dt+G|t,x(t) |dB(t);t=0&x(0) is specified.




dx(t):f[t X(t)|dt+G|t,x(t) |dB(t);t=0&x(0) is specified---(B)

jf[rx ]d@ ]dB\_

_[ f 7,x(7) |dr: This integral can be interpreted as the traditional
o

Riemann integral.
t

IG [r, x(r)]dB(r)dr © This integral does not exist in a sample sense

L
but can be defined in a mean square sense.
(Ito's stochastic integral)

Equation (B) is called the Ito's stochastic differential equation.
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dx(t)=f|t,x(t)]dt+G[t,x(t)]dB(t);t=08&x(0) is specified
eB(t) has independent increments from this it follows that
X(t) Is Markov.

Intutive explanation

Consider the time Instants t, t + At and t + 2At.
,\_/\/

The change x(t) to x(t+At) is due to | B(t+At)-B(t)].

The change x(t+Ac\) to x(t+2At) is due to | B(t+2At)—B(t+At)]|.

| B(t+At)- ]&[B (t+2At)—B(t+At) | are independent.
:>Thechanges | x(t)—x(t+At ]&[ (t+24)—x(t+2At)]

are independent.
= X(t) 1s Markov.
Question : Can we derive the governing FPK equation and solve it?




Example

X+ B(x)=w(t);t>0&x(0)=x, &
(w(t)) =0 (w(t,w(t,)) =206 (1, -1,

B/ B
dx=—4| x(t) |dt+dB(t) ~—

Quantity of interest: p(X;t| x,;0)

Initial condition: p(X'O|x ,0) = 5)(x X )
Boundary conditions: lim p(x;t|x,;0)— 0

\( X—>100

(xt)—ﬂm}A—th (t+At) =X (1) ] I X(t

)=x)in=12,--
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& (1) = lim ([ X (t+At)= X ()] X (t) = x)

At—>0 At
1

= ELHOE<—,B[X(t)}dt+dB(t)> ——B(x)

, (x,t) = lim = ([ X (t+40)- X (0| X (1) = x)

At—0 At

=gzg§<[—ﬂ[x<t>]dt+ﬁ%t]z>

- tim L (52 (a0 +[d8(0)] -2 (x) Ehx(t) ot

-20. /
a 2

_op _9B(p] a P
ot OX OX

N

-~

p=p(Xt]x%;0)




_ o’ p
ot OX OX?

P =p(xt]%:;0)



DY (x)+[ (X)W (X)] = A (X) = 0; ¥ (+0) =0
—
This 1s an eigenvalue problem. Depending upon nature of

B(x), the solution can be obtained in the form

p(X;t]%,;0) = iai exp (A4t)¥; (x)
=1
The constants a.-s can be obtained using the condition
p(X;0]%y;0)=5(x—x,)
Remark

Ast—>oo,@—>0:>

ot

d[B(x)p] _d’p_,
dx dx’

Stationary solution:




Example
X+ 2nmx+o*x =w(t);t=0;x(0) = x,; X(0) = X,

</W’(_tL=O;<W(t)w(t +7))=2DJ(r)

(

NI,

= .

Xz(t) \X(t)J bty < H wet)
dX, = X, dt—

dX, = [—277a)X2 —a)lejdterB(t)
p=p[Xt]|%]|= p[Xl U1 X (0) =%, Xl( )= Xo}

X
éap) o 2 __éz_-_ 5{_ 2 2 éa
ot :1(9Xj_ ]_I_ZZZ@X@X }Q/

j=1 k=1

it
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iy I ' ;
2 =1!Ln()A—t<_Xi (t+ A1) =X, (1) ][ X, (t+At)= X, (1) ]I X (1) = x>
dX, = X,dt »—

dX, = [—277a)X2 —a)ZXJdt +dB(t)

.1
o, :i!LnOZt<X2(t)dt| X (t)=x,X,(t)= x2> = Xy
t, = lim ([ 270X, - &’ X, Jdt+dB(t)] X, (t) = %, X, (1) = x,)

At—0 At —
= —2nwX, — W°X

1 \
o, =1@0A—t<x§(dt)2 X, (t) =%, X, (t) = x2> -0

Similarly, &, =a,, =0&a,, =2D




E:_i@i [a p}r;ii@xja@xk [ajkp] /

)= j=1 k=1

o =Xy, 0y = —2N0X, — O X0, = o, =y, =O&a22 =2D

R Al I =
l\E(prz,tlxl() XlO,XZ(O):X20)=5(X1—X10)5(X2—X20)
p(ioo,xz;t X:(0) =X, XZ(O):XZO)Z_(_)_

p (%, +00;t | X, (0) =X, X, (0) =X, ) =0

Remark
The FPK equation can be viewed as the equation of motion

governing the evolution of pdf p(X;t| %,;0)




% o

6/6:——3

Equation in the steady state (t — )

op , O 2 P
—X, ox + ox, [{2770)X2 +ow Xl} p]+ D ¥ =0
BCS
p (200, X,5t | X, (0) =Xy, X, (0) = X0 ) =0

P [Xz,iOO;t Xl(o): X101 XZ(O): Xzo] =0




Example : nonstationary inputs
X+ 2nwx+o*x =e(t)w(t);t > 0;x(0)=x,;%(0) =

(w(t))=0;(w(t)w(t+7))=2D5(7)

e(t) = deterministic modulating function

X, ()] _ [x(t)

X(t)=+ b= o lr
D71, 0] ()

dX, = X, dt

dX, :[—2770)X —w° X ]dt+e(t)dB(t)

p=p[Xt]%, —p[xlx 1] X, (0)=

P_ 07, 1. ivy O
ot 4Sox - ]+2§éaxaxk

[P

Xo

xO,Xl(O)zxo]
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dX, = X,dt
dX, :[—277a)X2 —C()zXl]dt—l—E(t)dB(t)

o, = Iim—<X2(t)dt| X (t)=x,X,(t)= x2> =X,

o, = nmi<x§(dt)2 X, ()= %, X, (£) =x,) =0

At—0 At
Similarly, o, = a,, =0 &r,, = 2De* (t)

op op 0 o°p
a =—X, ox + ox, |:{2770)X2 +602X1} p]+?ﬂt) ox?

Note: no steady state solution exists.




Example : Nonlinear system
X+ 2nwXx+ o*x+ax’ =w(t);t=0;x(0) = x,; X(0) = X,

R —

(w(t)) =0;(w(t)w(t+7)) = 2D5(z)
X (t) = [X(0)] _[x(®)]

X ()] [X(1),

dX, = X, dt v

dX, = [—2770)X2 —~ a)let +dB (t)

p=p[Xt]|%]|= p[xl,xz;t| X.(0) =X, Xl(O): XO]

39



dX, = X, dt
dX, =| 270X, - @*X, —aX; |dt+dB(t)

= lim == (X, (1)t | X, (1) = %, X, (1) = %,) = %, )

At—0 At

azeﬁgi<[—2na)xz ~w° X, —aXf’]dt +dB(t)| X, (t)=x,X,(t)= X2>

At

= —21f@X, —a)le—@/

o, = lim (X (A1) 1 X, ()=, X, (t) =%, ) =0

At—0 At
Similarly, o, =2,, =0& a,, iZ’[_)___/ V/
op o, 0 82 D
— =X, 20X, + 0" X, +
ot Zox  ox, {2 G +axip]+D X
Steady state (t — =) /

2
—X, sz + 8?(2 [{277a)x2 + X, +ax13} p]+ DZ—X? =0




Example : parametric random excitations

X+X[2na)+@+x[a)z +@ =‘Vi’(i);

t2>0;x(0)=x,;%(0) =%,

e————————

dB, (t) =W, (t)dt;(dB, (t)dB, (t+7)) = 2D;5(r)
X, (0] _[x(0 B

X(t):{xxtf{xa)} o

dX, = X,dt .~ /

dX, = [—ZUa)XZ —wZXJdt —&X,dB, (j[)—ozxl
- B|:X1 X, 1] Xl(o) -

@__2 i_ EZ 2 a
e v —027'0}2ZZ
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dX, = X,dt .~
dX, =| 270X, - @*X, |dt—£x,dB, (t) - axdB, (t)+dB (1)

oy = lim =X, (t)dt]| X, (t) =%, X, (t) =%, ) = X~

@, = lim =([ 270X, - "X, Jdt+dB(1)| X, (t) = X, X, () = %, )
—C1, APy ) —oltd By k)

Similarly, o, =,, =0
@, = lim Ait <{[2n0X, - @*X, |dt - £x,dB, (t) - ax,dB, (1) + dB, (t)}2

| X (t)=x, X, (t)=x, >

———

/: —

/

Q%Zazxf D,, +2D,, + 4cax,x,D,, —4&X,D,; — 4ax,D
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ax, = X dt
dX, :[—277a)X2 —a)ZXJdt—gxdel (t)—axdB, (t)+dB,(t)

.1
a, =1!H10A—t<xz(t)dt| X, (1) =%, X, (t)=x%,) =x,

.1
a, =1!LQ)A—t<[—277a)X2 —0*X, Jdt+dB(1)] X, (1) = X, X, (1) =X, )

= —2nwX, — "X,

.1
o, :l!rj)A—t<X22(dt)2 X, (1) =%, X, (£) = %, ) =0

Similarly, a, =,, =0

1
= lim— < [-2n0X, - "X, |dt—£x,08, (t) - axdB, (t)+ dB, (t)

=2&°X.D, +2a°X.D,, + 2D,, + 4eax,X,D,, —4eX,D,, —4ax,D,,

:
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2—? =—X, g)z + 8?(2 |:{2770)X2 + a)le} p] +

o —|(26°XD,; +20°X'D,, + 2Dy +4zax,X, Dy, — 45X, Dy —4ax,Dyg ) p |
2

p(Xl,XZ;t | xl(o) = X0, X, (0) = Xzo) = 5()(1 —X10)5(X2 _Xzo)
p(£0, X5t | xl(o)leo,xz(o)zxzo)zo\
P (X, +o05t| X, (0) =X, X, (0) =X, ) =0
If stationary solution exist, it is governed by
6p 0

oo Tox {270, + o™} p |+ \

2
; > [(252)(2 D, +2a°xD,, +2D,, + 4sax,X,D,, —4&X,D,, —4axlD23) p] =0
X2
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Example : Filtered white noise excitations

X+ 2nwx+o*x+ax’ = f (1);t20;x(0) = x,; X(0) = X,

J
—_—

fe2s0f+2 f = w(t);t=0; f (0)= fy; £ (0) = f,

<W(t)> =O;<W(t) (t+r)> 2D5(r)

X (t)={x(t) x( }t

dX, = X, dt

dX, = [—2770)X2 -’ X, —aXf]dt + X, dt
dX, = X,dt

dX, =| —2EAX, - A°X, |dt +dB(t)
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dX, = X,dt

dX, = [—277a)X2 —w° X, —aXf}dt + X, dt
dX, = X,dt

dX, =| —2£4X, - A*X, |dt+dB(t)

o, =X,

a, = —2NwX, — 0°X — aX, + X,

a, =X,

a, = —2EAX, — A°X,

o; =0Vi, J=1,2,3,4 except «,, =2D
@:—ii[aj p]+ D o°p —

22
0°X,
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=0
O°X;




Example : Linear MDOF systems
MX +CX + KX =W (t);t = 0; X (0) = X; X (0) = X,
X (t) ~ N x1
(W (t))=0;(W (t)W' (t+7)) =] 2D; |5(z)
>'<'+|v|—1c>£i|v|—1|<x =m
) lx )]
Y, X
dY, =Y, dt

dY, =—M~CY, - M KY, + M "dB(t)
dY (t)=PYdt+QdB(t)t >0;Y (0) =Y04/




Example : Nonlinear MDOF systems
MX +F | X, X | =W (t);t=0;X (0)=X,; X (0) = X,
X (t) N x1

W (1)) =0:(W (W (t+7))

X +M7F| X, x] M W (
i

dY,, =-MF (Y )dt+M “dB(t) E
Y0

dY (t)=P(Y)dt+QdB(t)t>0;Y (0)=

20, |5(




General: n-dimensional Ito SDE
dX (t)=f|t, X (t)]dt+G|t, X (t)|dB(t);t=0;X(0)=X,

f[tx )| ~nx1 ‘
G[t,x(t)]~n><m
dB(t)~m><1

(dB(t))=0;(AB (t)AB, (t+7))=2D;5(r)

a,=f[tx];]=12-,n
a, :Z[GDGt] i, j=12,-,m >
@ ikp}ﬁ/

P Y LI W3

115)(] j=1 k=1

p(%;0] xO,O)=H5 X; —X;, )+ BCS

=1




Next Lecture

e Solutions of FPK equations

— Transient solutions

e Linear systems with additive noises

— Steady state solutions
e All scalar equations
e All linear systems with additive noises
e A class of nonlinear and parametrically excited systems

* Moment equations



