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Failure of randomly vibrating systems-4
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Distribution Domain of attraction 
for maxima

Domain of attraction for 
minima

Normal Gumbel Gumbel
Exponential Gumbel Weibull
Log-normal Gumbel Gumbel
Gamma Gumbel Weibull
Gumbel (maxima) Gumbel Gumbel
Gumbel (minima) Gumbel Gumbel
Rayleigh Gumbel Weibull
Uniform Weibull Weibull
Weibull (maxima) Weibull Gumbel
Weibull (minima) Gumbel Weibull
Cauchy Frechet Frechet
Pareto Frechet Frechet
Frechet (maxima) Frechet Gumbel
Frechet (minima) Gumbel Frechet

E Castillo, 1988, Extreme value theory in engineering, 
Academic Press, Boston 
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1 2

Consider a random phenomenon E, which occurs as a 
Poisson process with constant arrival rate . 

Let  be thkt ,t , ,t
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for extremes in Poisson counting models
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 PDF of a Gumbel RV. The above model has been 
used to model the maximum earthquake ground acceleration in 
the time interval 0 to t.



32

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-10

0

10

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-10

0

10

x(
t)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-10

0

10

time s

The maximum value of ( ) in interval 0 toX t T









33

 
 

 
   

 
 

0

Let  be a zero mean stationary Gaussian random process.

Define max .

Given the complete description of ( ) can we determine ?

           

           1

m

m

m t T

X

X m

f

f

X t

X X t

X t P x

P P X

P T T

P T T

 





 


 

   
    

   
   

2

2

1 exp

exp 0

1exp
2 2

f

f

T

T

x

x x

P t t

p t t t



 

 
 

  

    

 
  

 




34

0 5 10 15 20 25 30
-5

0

5

0 5 10 15 20 25 30
-5

0

5

0 5 10 15 20 25 30
-5

0

5

0 5 10 15 20 25 30
-5

0

5










T



35

   
   

   

 

 

2

2

2

2

2 2

3 2 2

1 exp

exp 0

1exp
2 2

1

1exp exp
2 2

1 1exp exp exp
2 2 2 2

f

f

m

m

m

T

T

x

x x

X f

x
X

x x

x x
X

x x x x

P t t

p t t t

P P T T

TP

T Tp



 

 
 

 

 
 

   
   



  

    

 
  

 
    
  

    
   

    
       

     
   





 



36

 

 

   

   

  

     
  

2

2

2

2

2

1 1
2 2

1
2

1exp exp
2 2

Denote 0 ;
2

exp 0 exp
2

Let exp 0 exp
2

log 0
2

2log 0 2 2log 0
2log 0

pr

m

m

x
X

x x

x
X

x x

X X

X

X

X X

X

TP

N

P N T

N T

N T

N T N T
N T

 
 

 
 







 









 



  
    

   

 

  
    

  
 

   
 

   

         
 
 







  
1
2ovided < 2log 0 . This is likley to be true for large T.XN T  

 



37

  
  

    

    

 

1
2

1
2

1
2

1 1 1

1 1

22
2

2
1

1
1

2 log 0
2log 0

 with 2 log 0

exp exp ;

This is a Gumbel PDF.

Var
6

0.5772

m

m

X

X

X

X

m X

x
m X

N T
N T

C C C N T

P C C

X C

X
C

C C
C



 

  











   
 
 



     


         



 

 

Moments





38

-6 -4 -2 0 2 4 6
0

0.5

1

1.5

zeta

pd
f 

of
 X

m

1T s

2T s
5T s

10T s

50T s

Parent pdf



39

   
   

   

1
2 2 2

22 2 2
11 1 1

Alternative derivation
Recall: pdf of peaks

1
exp 1

22 2 2 1 2 1

1

Let  be the total number of peaks in the interval 0 to .
ma

p

p p

m

p erf

P p s ds

NT T
X



   
    




                       

 





   

   
0

x max all peaks in 0 to T

For large NT asymptotic results can be used.
m

t T
NT

X p

X t

P P 

 


   

Exercise



40

     

 

   

   

2
2

2 2

2

2 2

0

0

What happens if ( ) is non-stationary?

1, 1 [exp
2 2 1

exp 1 ]
2 2 1

1 exp ,

exp ,

f

m

x

x x

x x x

t

T X

T

X X

X t

n t r
r

r rerf
r

P t n d

P n d

 
  

  
  

  

   







 
    
  

                
 

   
 

 
  

 





Recall





41

Response spectrum based approaches in earthquake engineering
Gust factor approach in wind engineering
Accumulation of fatigue damage under random dynamic loads





Applications
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An alternative approach to random vibraiton analysis
Valid when response vector satisfy Markovian property
Source of exact solutions for nonlinear random vi





Markov vector approach in random vibrations

bration problems
for a limited class of problems
Strategies for solving wider class of problems.
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Dependence of future on past is only through the present.



44

   
   

 
     
 

1 1 2 2 1 1 1 1

1 1 2 2 1 1 1 1

1 1

2 2 1 1 2 2 1 1 1 1

3 3 2 2 1 1 3

, | , ; , ; , , , | ,

, | , ; , ; , , , | ,

Description of a Markov process
,

, ; , , | , ,

, ; , ; ,

X n n n n n n X n n n n

X n n n n n n X n n n n

P x t x t x t x t P x t x t

p x t x t x t x t p x t x t

p x t

p x t x t p x t x t p x t

p x t x t x t p x

     

     









 

 





     
     

     

3 2 2 1 1 2 2 1 1 1 1

3 3 2 2 2 2 1 1 1 1

1 1 1 1 1 1 1 1
2

, | , ; , , | , ,

, | , , | , ,

, ; , ; ; , , | , ,
n

n n n n

t x t x t p x t x t p x t

p x t x t p x t x t p x t

p x t x t x t p x t x t p x t   


   




 







45

 

   

1 1

1 1 1 1

Transistion probability density function
: , | ,

,  and , | ,  2,3,
completely specify a Markov process

p x t x t

p x t p x t x t

   

    

 

   

tpdf




