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Recall

Rice's definition of envelope and phase processes

X (t)=>a,|cos(w, - @, )tcosw,t —sin(@, -, )tsinw,t |
n=1

=1, (t)cosa,t+ I, (t)sinmt

X (t) =R(t)cos| ,t+ D (t)]

®Dro (1. 45)

® Drrao (1111 1, 803001

*Pegon (111411

e|_evel crossing problem for R(t)
oClumping for narrow banded processes




T, («r) is exponentially distributed

P. (t)=1-exp[-At]
p, (t)=Aexp[-At] O<t<o

O

A=—2—expi——=—}

27Z'GX \ 2 O

(T, )= Im exp[—At]dt =%




The maximum value of X (t) ininterval 0to T

10 I I I I I I I I I

O\/v\/ \/ \/
_10 | | | | | | | | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
10 I I I I I I I I I

A /.\ ~ i
X

_10 | | | | | | | | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
10 I I I I I I I I

Y )

oW \/
_10 | | | | | | | | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

time s




Recall : results for iid sequence of RV -s

Let {X } be an iid sequence of random variables.
Define Y, = max X.

P(Y,<y)= P( max X< y)
:P(ﬁ(xi Sy)\{Px(y)}n

I:)Yn (y):[Px (y) n




Similarly

Let { X .}” be an iid sequence of random variables.
Define Y, = m|n X.

i=1,2,---.n

P(Y1>z):P( min X, >z)

=1,2,---,n

-p (0> 2)|-[1-R ()]

P, (2)=1-[1-P (2)]

P (2)=n[1-P. (2)]" Py (2)
Note
Y, = max [-X;]

i1=1,2,---,n




X =max X;; X :iid sequence with p, (x)=Aexp(-1x);0< x <0

i=1,n
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X =max X;; X :iid sequence with p, (x)=Aexp(-1x);0< x <0

i=1,n
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X =max X;; X, :iid sequence with p, (x)~ N(0,1); -0 < X <0

i=1,n
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X =max X;; X, :iid sequence with p, (x)~ N(0,1); -0 < X <0

i=1,n
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Asymptotic behavior as n — o
Consider

R, (¥) =P (y)}n
Py, (y) = n[Px (y)i|n_1 Px (y)

Question: limR, (y)—?

N—o0

Introduce the random variable
=, =n[1-P(Y,)]

P, (£)=P[E, <£]= P{n[l— P, (Yn)]gg}: P{PX (Yn)zl_é}

n




:>Iog«9:nlog(

A '09(1_@
T




P. (&)=1-exp(-¢)
p. (£)=exp(=¢)

Now consider the transformation
= = n[l— P, (Yn)]

Y =PR* {1—7}”}
For large n, pdf of Z is given by p. (&) =exp(-¢).
Also, = decreases as Y, inreases.

= For large n
R, (Y)=P[Z,>g(y)]| where g(y)=n[1-P, (y)]
=P, (y)=1-P. [9(y)]=1-{1-exp[-g(y) ]} =exp[ -9 ()]

P, (y)=—g—3exp:—g(y)]




Example
px (X

)=
X)

Aexp(

1—exp(—4

1 exp

—%X%O<X<m

)0<X<w

2Y)

)}] =nexp(-A4Y, )

):e [nexp( 2y)|

y) niexp(—-Ay)exp| —nexp(-1y)]
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Example

px(X)=ieXP{
P (x)=1- exp{

_n{l 1+exp{

= g(y)= nexp{

P, (y)=ﬂexp{

O

O
R, (Yy)=exp {n ex {
y

exps—nexp| —
ool

X2

}O<X<w

}O<X<w
v 2
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Black: Asymptotic
Red: Exact
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Example

P (x)=x for0<x<1
=1 forx>1

= g(y)=n(-y); for0<y<1
=0; fory>1

R, (y)=exp[-n(1-y)]; for0<y<1
=1 fory>1

20
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Example

Py (X):l—i forx>1

Xk

=0 forx<l

:>g(y):

N

=

, fory>1

R, (y)=exp|-ny™*|; fory=>1
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Summary

Py (X)

X

X2
b ()= 0| -

o)

Py (X)=x0<x<1
Py (X)=kx " forx>1

Parent pdf Asymptotic exreme value pdf
= Aexp(-4x);0< X <o R, (y)=exp| -nexp(-4y) [;0<y <o
, -
}O<X<oo R (y):exp{—nexp{— y2 };O<y<oo
o " 20°

R, (y)=exp[-n(1-y)]; for0<y<1

R (y):exp[— Yy ] fory>1

Asymptotic forms
eDouble exponential forms
eSingle exponential forms




Degeneracy
Y, = max X,

R, () =[P (v)]
limPR, (y)—0forP, (y)<1

—1forP (y)=1
That 1s, the limiting distribution takes
only values 0 and 1, i.e., it degnerates.




We avoid degeneracy by looking for constants
a. and b, such that

[P (a,x+Db,)] = P{Y” —b, gx}_ﬂ;(x) NI

d

n

where the limit distribution G is non-degenerate.
It can be shown that G needs to be one of the following three

types

k
| Frechet|R, (y)=exp —[ﬁj 0<y<o

[Weibull] R, (y) = exp —( 0=y jk V<

w—W,

[Gumbel]R, (y)=exp _—exp(—an {y—-u, })] ' —00 < Y < O




Remarks
olf P, (x) issuch that R, (y) is Frechet/Weibull/Gumbel

then we say that P, (x) is said to belong to the basin of

attraction of Frechet/Weibull/Gumbel extreme value
distributions respectively.

eIf p, (x) has an exponentially decaying right hand tail
then R, (y)would be Gumbel

eIf p, (x) has a right hand tail that decays as a polynomial
then R, (y)would be Frechet

eIf p, (x) has a finite upper bound

then R, (y)would be Weibull




Distribution Domain of attraction Domain of attraction for
for maxima minima
Normal Gumbel Gumbel
Exponential Gumbel Weibull
Log-normal Gumbel Gumbel
Gamma Gumbel Weibull
Gumbel (maxima) Gumbel Gumbel
Gumbel (minima) Gumbel Gumbel
Rayleigh Gumbel Weibull
Uniform Weibull Weibull
Weibull (maxima) Weibull Gumbel
Weibull (minima) Gumbel Weibull
Cauchy Frechet Frechet
Pareto Frechet Frechet
Frechet (maxima) Frechet Gumbel
Frechet (minima) Gumbel Frechet

E Castillo, 1988, Extreme value theory in engineering,

Academic Press, Boston




Generalized extreme value distribution

P, (X)=expq- 1+.§(

& € R Shape paramter

X—p
O

1 € R Location paramter

o > 0 Scale parameter

& — 0 Gumbel
&£>0 Frechet
£<0 Weibull

1

jé

3\

ﬂl+§(

X—u
O

>0
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Occurrence of double exponential PDF models
for extremes in Poisson counting models

Consider a random phenomenon E, which occurs as a
Poisson process with constant arrival rate v.

Lett ,t,,---,t, be the times at which the event E occurs.
Let Z. be the random variable representing the
Intensity measure of E occuring at the time instant t..

LetZ,,i=12,--- be an iid sequence with common PDF P, (z).
LetZ,,, (t) be the maximum value of Z; observed
over the time interval (0,t).




Consider

IfP, (z)=1-exp| —a(z-12,)|=
P, (2)= exp[—vt {exp —a(z-1, )]}J
This 1s the PDF of a Gumbel RV. The above model has been

used to model the maximum earthquake ground acceleration in
the time interval O to t.




The maximum value of X (t) ininterval 0to T
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Let X (t ( ) be a zero mean stationary Gaussian random process.
Define X,, = max X (t).

O<t<T

Given the complete description of X (t) can we determine P, (x)?

t)=Aexp|- ﬂt] O<t<oo

N

1 =

exXp<s ——
2o, P 2 O

.

o, 1
2
X

J
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P. (t)=1—exp|[-At]
P (t)=Aexp[-At] O<t<oo

P, (a)=exp| -—




{ ;:EH

Denote N (O)

2
Let exp(—v)= N, (0)T exp {—gz}

2

- =Iog(N;(O)T)—%

=| 2log (N (0)T )+2v | =[ 2log (N5 (0)T) |2 + - 1

[2log(|\|; (o)T)]2

provided v< [2 log (N5 (0)T )]2 . This is likley to be true for large T.




g:[zlog(N;(o)T)};+ v :

2log(Ny (0)T) |

—

v=C,(¢—C,) with C, :[ZIog(N; (O)T)];

me (g) = eXp[—eXp{—Cl(g—Cl)}];—oo <G <
This i1s a Gumbel PDF.

Moments
<Xm> =Coy

72'2 (72
Var[ X, |= oy :?C}
C=C,+ 0.5772
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pdf of Xm
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Alternative derivation
Recall: pdf of peaks

. _ i}
2
(1_8 )2 424 s 1+erf

2
(04
D ()= exp| —
p( ) \/Eo'l 2012\/2(1—6‘2) 2012

1-P, (a) = [ p, (s)ds

Let NT be the total number of peaks in the interval 0 to T.
X,, =max X (t) =max(all peaks in0to T)

O<t<T

NT
Px. (0‘) — [Pp (0‘)]
For large NT asymptotic results can be used.
Exercise

[A04

01\/2(1—52) |
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What happens if X (t) is non-stationary?
Recall

<n+ (a,t)> = Ziﬁ(l— r? )[exp[— . (0;__

T O,




Applications

eResponse spectrum based approaches in earthquake engineering
eGust factor approach in wind engineering

e Accumulation of fatigue damage under random dynamic loads




Markov vector approach in random vibrations

e An alternative approach to random vibraiton analysis

e\/alid when response vector satisfy Markovian property

eSource of exact solutions for nonlinear random vibration problems
for a limited class of problems

eStrategies for solving wider class of problems.




Markov Property

Let X (t) be a scalar random process with continuous state and
continuous parameter (time t).

Lett <t, <---<t bethen time instants.

This defines n random variables

X (1), X (). X (t,)

X (t) Is said to possess Markov property if

PLX (1) <E X (1) <6 1 X () K, oo, X (1) <4 ]

——

=P X (t,)<% | X (t,,) <%, ]|
for any n and any choice of t, <t, <--- <t .

Dependence of future on past is only through the present.




—
PX( |Xn -1 1:n -1 Xn 2 n 2 Xl t ) (Xn’tn | Xn—l’tn—l)
px( |Xn -1 1:n -1 Xn 2 n 2 Xl t ): pX (Xn’tn | Xn—l’tn—l)

Description of a Markov process

*p(x,t)

oD(X,, 5%, t)=p(X,t, | x,t)p(x.t)

(X5 tyi X, 15 Xy, 1) = xt3|xt‘ (%t [%,t) p (X t,)
=P (Xt [ X,,1,) P t|x1t)(x1t)

1 P(x 41X 84) POGL)

©
/N
>
~—
>
>
[N
—
>
[N
<
L+
N—
1 O




Transistion probability density function
tpdf : p(x,.t, [ Xt )

-p(xl,t)and p(x t | x

vl’

) Vv=2,3,--
completely specify a I\/Iarkov process




