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Recall

Level crossing

Number of peaks

N(0,a,T)=N(T) = hx (t)| 5] X (t) - ot =}n(a,t)dt

n(a.t)=|X (t)|5[ X (t)-«]

T

M (@,0,T)=[[X (1) 5[ X (t)-0]u[X (1) -a]dt =]m(a,t)dt

0

m(e,t)=|X (1) 8] X (t)-0|U[ X (t)-«]

pdf of peaks
1T 7 \)
(o) L) @ % 11+ erf
P (a)= exp| — + s1l+er -
p \/Eal 2012\/2(1—52) 20'1 01\/2

1

i a
Fractional occupation time <y(0"t)> T o7 j {1_9” L > (t)ﬂdt
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Envelope and phase
Processes

Recall

X+w°Xx=0

X(0) = x,; X(0) =%,
X(t)=Rcos(wt—6)

. 2 .
R=\/x§+(x0j ;Q:tanl( X
@

ORZ‘X(’[)‘V’[

0
WX,

|

X+ 2noX+o*x=0;x(0) = X;; X(0) = %,

X, + WX, .
X(t):exp(—na)’[)(x0 oS a,t +—2 0270) 0Slna)d’[j
d

X, + WX,

X, = Rcos &, =Rsiné

Wy

X(t) =exp(-nawt)Rcos(w,t—0)

P
X+ 2nwX + X = —CoS At
m

x(0)=X;%(0) =%,
lim X(t) = X4 (DMF)cos(w,t-06)
P 1

X_ = —:DMF =
\/(1—r2)2 +(277r)i

st T .




X+ 2nwX+ o’ X = f (t)
x(0)=0;%(0)=0;7 <1

t

X(t)= jiexp[—na)(t ~7) |sina, (t-7) f()dz

0 Wy

t
- J'iexp[—na)(t —~7) |{sin ot cos ;7 — cos ,tsinw,7} f (r)dr
0 Wy -

= A(t)sin wyt + B(t) cos w,t 7/

—_—

t

A(t) = Ia)idexp[—na)(t — T):I cosaw,7 f(r)dr

B(t) = —jiexp[—iya)(t —r)]sin w,7f(r)dr

0 Wy




= X(t) =R(t)cos| o,t—6(t)

A(t)=R(t)coso(t)
B(t)=R(t)sino(t)
R(t)= A% (t)+B(t)
4 B(Y)
6(t)=tan [A(t)j




Energy interpretation




R(t)=x(t) whenever x(t)=0

—

R(t) passes through extrema of x(t).

If x(t) Is a sample of a narrow band process,
R(t) passes through all the peaks.

Therefore one can expect similarities in the
properties of envelope and peaks of x(t).




X(t)=A(1+e&cosam,t)cos wt

w>> o,
E(t) = Ascosaw,t
E,(t) = A(1+ecosa,t)

x(t)

1.5

0.57

-0.5+

-1.5

/(T )

Jll

i
| J

_E,(t) = A(l+ecosa,t)

A &

X(t)= A(1+£cosm,t)cos ot

E(t) = Accosa,t

- E,(t) =—A(1l+ecosm,t)
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How do we generalize the notion of envelope
and phase to describe random processes?
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Recall
Fourier representation of a Gaussian random process

Let X (t ( )be a zero mean, stationary, Gaussian random process defined as

X (t) :Z:an cosm t+b sinmt; @, :na)o/

n=1 I

Assumptions

Here a, ~ N(0,0,),b, ~ N(0,0,),
<anak>OVn¢k,<bnbk>OVn%
(a,b ) =0Vn,k =1,2,---,00

< > i{ cosa,t + (b >sina)nt}:o

n=1
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o0

<X(t)X(t+r)>:<Z:{an cosw t+b sinmt Z:‘{a cosw, (t+7)+b, sina, (t+r)}>

n=1

- ii«an cosaw, t+b_sin a)nt)(an cosaw, (t+7)+b,sina, (t+ T))>

n=1 m=1

7)= Zaﬁ COSw, T //
n=1

X (t) is a WSS random process.

X (t) is Gaussian.

= X (t) is a SSS process.
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Fourier representation of a Gaussian random process (continued)
Consider the psd function

ZS Aa)5a)a) //

= Ryx (7) = jis )Aw,6 (@ - w, )cos(wr)
o n=1

n

1
27
1

= Ry (7 ZS o, ) Aw, cos( a)r)/

Compare this W|th /
Ry (T)

=) ol cosw,r
n=1
S(w, ) Aw
By choosing o; = ( ;) . we see that the two ACF-s
T

coincide. e
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By discretizing the psd function as shown we can simulate
samples of X (t) using the Fourier representation

X (t)= i{an cosaw,t+b, sina,t}; @, =ne,
n=1
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Alternative representation
Let X (t) be a zero mean, stationary, random process defined as

= iAn cos(w,t—6,)

1
Here {A,}  are deterministic constants and {6, }  form

————

an 1id sequence of random variables with a common PDF
that is uniformly distributed in 0 to 2.

(X (0) (3 Acostarc-0,)

=Y A (cosm,tcosd, —sinm,tsing, )
n=1

27 27
—ZA1 osa)ntjicosﬁnden—sina)ntjisiné?nden/

8
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X (t)= i A, [cosm,tcosd, —sinw,tsin g, |

1

n

(X ()X (t+7))=< ii AA, [cosa,tcos b, —sin m,tsin g, ]

n=1 m=1

| cosw, (t+7)cosd, —sinw, (t+7)sing, | >

= <i A [cos2 6, cosm,tcosw, (t+17)+sin® , sinw,tsinw, (t+ r)]>

n=1

:iﬁfcosa)nr//

X (t) is a WSS random process.

X (t) is Gaussian (apply central limit theorem).

— X (t) is a SSS process.




Rice's definition of envelope and phase processes

X(t)=

Q

n

N

n*™~k

>

(t)=

n=1

+ib

n=1

~ N
3,3y ) =
ab ) =

S a

>S5

n

) a,cosa,t+by, sinat; o, =na,

n=1 o

(Oa)b ~N(OG)

ovn =k, (b,b >:0Vn¢k,
0vn,k =12,-

@, = Central frequency

Zan COS[(a)n o, )t + a)rt] +b, sin [(a)n — o, )t+ a)rt]
n=1 —

| cos(m, -, )tcosa,t —sin(w, -, )tsinayt | 4

sin(m, — o, )tcosa,t +cos(w, — o, )tsinat |
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n=1

= a,| cos(m, -, )tcosa,t —sin(w, — o, )tsinat |

Jtcosat +cos(w, — o, )tsinm,t |

- o, )t+b,sin(w, - o, )t}cos ot

o, )t—b, cos(m, —w )t}sina)rt

cosa)t+l ()sma)t

t+b Sln(a) — o, )t =

- )t—b, cos(w, —m, )t =




1. (t)= ian cos(w, —m, )t+b, sin(aw, — o, )t

(12(0)= 202 =(x* (V)
L (1) :—gansin(a)n ~ i, )t—b, cos(w, — o, )t

(12() = 02 =(X*(1))

n=1




X (t) =1, (t)cosa,t + I, (t)sin ot
(t)=a(t)coso(t); I,(t)=a(t)sino(t)
(t)=|3(t) (1)

X (t)=a(t)cos| ot +0(t)]
a(t) = Envelope process associated with X (t)

H(t) = Phase process associated with X (t)
o, = Central frequency associated with X (t)




Alternative representation
X (t)=3 A cos(w,t-6,)
n=1 —- —

Here {A,} _ are deterministic constants and {6,} _ form

an 1id sequence of random variables with a common PDF
that is uniformly distributed in 0 to 2.

X (t)=3 A, cos[ (@, - @, )t—6, + o]

n=1

:i {cos[a) ~w, )t- H]COSa)t sm[a) ~w, )t- «9]sma)t}
n=1

E.(t)cosm,t—E, (t)sin et
— — 2

E. (t) Zﬁhcos[ o )t-6,] —
E, (1)

> Asinl (0, -@,)t-6,] «
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X (t)=E,(t)cosm,t—E,(t)sinet
E.(t)=a(t)coso(t)
ES

)
(t)=a(t)sino(t)

—

X (t)=a(t)cos| o t-0(t) ]|
a(t) = JE -

a(t) = Envelope process associated with X (t)
6 (t) = Phase process associated with X (t)
o, = Central frequency associated with X (t)




Probability distributions of Envelope and phase processes
Let A(t) and B(t) be two random processes.

Define

X (t) = A(t) cos wt + B(t) sin wt

Let A(t)=R(t)cos®@(t)&B(t)=R(t)sin®d(t)

—

X (t) = R(t)cos| at + (1) Vi
R(t)=/A?(t)+B(t)

4 B(Y)
®(t)=tan (A(t))

By definition
R(t)=amplitude process, envelope, or amplitude modulation of X (t)

@ (t) = phase process, or phase modulation of X (t)
= carrier frequency or central frequency
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Problem
Given p,g (a,b;t) to find pg, (1, 4;t).

A=Rcosd
B=Rsin®
, |cosd —Rsin®
" lsin® RCOSCD|:/

Pro (r1 ¢) =Py (a’ b) gjg%sg//
Let A and B be jointly Gaussian = )

1 1 a’ b® 2r,ab
JEENIE exp| — 2){ - }

2
27Z'O'aGb\/(1— razb) O, O, 0,04

a

] -
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Pro (I’, ¢) =Py (a’ b)‘a:rcos¢

b=rsing
—
I
pRCI)(r’¢):
2no,0, \/ (1— r2 ) é/
_ 1 r’cos’¢ rsin®¢ 2r, r°singcos
xp| - L [reos’d r'sin’g 2n,rsingcoss
2 (1 -, ) o, o 0,0,

O<r<ow;0<g<2r

pR(r): J pR@(r,¢)d¢;0< I < oo

P (#)= [ Pao (1 4)dr;0< g <27

|
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= exp

20,0, (1— razb)

2
2 2
_ _ r.2 i O, — Oy
2 4 52 ab 20.0
pR(r) —r

0,0, (1— rai)

0<r<oo. V\

|, (*) = Bessel's function of the first kind

(1-r)

pcp(¢)= . — _ 0<¢p<2r
2700, {cos2 ¢ L sin 2¢ Ty SIN ¢cos¢}
Oy, O, 0,0

R 1s generalized Rayleigh random variable
® Is a generalized £ random variable.
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Note

27

j exp(bcos@)do =2x1,(b) «
0

l, (b) = modified Bessel's function of argument b
and order O.
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—hZ >

Special case@, o,
r

N,Q)= ex
Pro (1. 9) L
o exp_— r2 |

270° i 20 |

Pr (r) :T Pro (r’¢)d¢:

r r
pr ()= —exp o

27O

Similarly we get p,, (¢)

_|_

1|r°cos’¢
- 2

O

27

—exp

3 270

5 7

2

O

r.2

20

2

rzﬁn2¢}

~,0<r<o0;0<@<2m 2o

do

;0 <r <oo [Rayleigh RV]

E—

_1/ =

— pR(D(r’¢): pR(r) pcb(¢):> RL® =—

—;0< ¢ <27 [Uniform RV]
27 —
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Remarks

eEnvelope and peaks share common properties.

This 1s not surprising since the envelope passes through
all the peaks.

e The heuristic approach based on which we derived
Rayleigh model for the peak distribution stands justified
since using a more rigorous arguement we have arrived
at Rayleigh model for the envelope.

ep, (r) and p, (¢) are independent of the central frequency ,




Joint pdf of R(t,),R(t,),@(t,), &D(t,)
X (t)=A(t,)cos(at, )+ B(t,)sin(at,)
X (t,)=A(t,)cos(at,)+B(t,)sin(«t,)

A =R, cosd,
B, =R;sSin®,
A, =R,cosD,
B,=R,sin®,

cos®, -—R sin®, 0
3 sin®, R cosd,
0 0 cos®, —R;sind,
7 0 0 sin®, R,cosd,
R, cos @, 0 0
=cosd,| O cos®, —R;sind,
Y 0 sin®, R,cosd,
sin @, 0 0
+R;sin®d,| 0 cos®, -Rssind®,
0 sin®, R,cos®,
=RR,
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Prr,0.0, (r1’ Y ¢2) =I5 Pag s, (a1’ d,, bl’ bz ) %?2:55%2}
—_— — 1

b,=r,sing,
2 21
Pre, (Fi1) = j jrr Prgac, (FCOSE, L SING,T,COSd,,T,sing, )dddd,
bty 00

If X (t) Is a stationary Gaussian random process with zero mean it can be
shown that (exercise)
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Joint pdf of A(t)& A(t) /

A(t)=R(t)cosd(t) «~
B(t)=R(t)sin®(t) L— K§C£
A(t)=R(t)cos®@(t)—R(t)d(t)sind(t
B(t)=R(t)sin®(t)+R(t)d(t)cosd(t

cosd —Rsin® 0
3 sin® Rcos®

—Rsin® —-Rsin®—-Rdcos® cosd —Rsind

dcos® Rcos®—Rdsin®d  sind  Rcosd

Rcos® 0 0 sin® 0 0
= cosD|-Rsin® —Rdcos® cosd —Rsin®|+Rsin®|-Rsin® cos® —Rsin®
Rcos® —Rdsin® sind Rcos® dcos® sin® Rcosd

=R?cos’ ®+R*sin°®=R*//
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T (r, r‘,¢,¢5;t) =D s (a,a,b,b;t)

O<r<o
—0 < <o
O<p<2r

o< <o

L ——t

a=rcos¢
b=rsing
a=rcosg—rgsing
b=rsing+rgcosg

—

— —
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et
eA(t) and B(t) be zero mean, Gaussian, stationary random processes

*(A°(1))=(B" (1)) = (X* (1)) = o

)
(

eA(t),A(t),B(t),B(t) are independent
(

*(A(1))=(B*(1)) =01

-

X (t) = A(t) cos wt + B(t) sin wt
X (t)=-A(t)wsin wt + A(t) cos wt + B(t)wcos et + B(t) sin wt

(_B — Aa))sin wt +(é\+ Ba))COS ot

e

U

Xz(t)>:a =0 +w’o; //

—




Exercise: verify If the following are true.

b d r’ r2 2 4r2g?
P (18, 61) = exp{_ fPer

(272)2 e 20, oy

0<r<oo—0<I<0,0<@<2m;—0<@<w

—

27 o0

Preos (1 1:1) = | _[ pRR@@(r’r’¢’¢;t)dr¢dé

i 2 -2} -

I I I A
= exp| — — O0<r<oo,—0<F <0

1 2 2
(27)20y L 20x 0]

|

eDetermine pm(¢,¢5;t) o

R S Langley, 1986, On various definitions of the envelope of a
random process, Journal of Sound and Vibration, 105(3), 503-512.
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Remarks

eKnowing p, (r,r;t) the number of crossing of level &

by the envelope process R(t) can be characterized.

<n; (f’t)> :TFPRR (& t)di

= &jl exp( j A

(27)2 oy,
= Average rate of crossing of the level & with positive
slope by R(t)
Note: R(t) is non-Gaussian
e Crossing of a level « for narrow band processes
occur in clumps &

207
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l§ i mn ||m||m||||||m ‘

bl l'lll

d

time t




Average clump size

(nz(&1)) V2ze o

(cs) = % (E8) 1 ooy |

Poisson model for number of level crossing
IS more appropriate for R(t) than for X (t)
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Time required by X (t) to reach level « for the first time

.. 10 ! ! ! ’| /\ ! ! !
SV NV ~

| | | |
0 0.1 0.2 0.3 0.4 0.5 06 0.7 08 0.9 1

- N
L/ AVAVAVAVAVAVAV,

10

| | |
.5 0.6 0.7 0.8 0.9 1

-10
10 I I I I I I »{ I I I
0 /\/W\/‘ \/ =
_10 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

time s




T ()

eThe time required by X(t) to cross level « for the first time
oA real valued random variable taking values in 0 to o
eGlven the complete description of X (t),

can we characterize T, («)?

e This Is known as the
o First passage problem
o Barrier crossing problem
o Qutcrossing problem
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Poisson model for N («,0,T)

Assumptions

*The threshold level « is high (so that crossing is a rare event)
*Crossing times are mutually independent //

*N(a ,0,T)is a Poisson random variable

P[N(a,0T)=k|= (’f!)k exp(-AT) r

A = rate of crossing of level & = (n(a,t))

————/

If X (1) Is a stationary gaussian random process with zero mean

(n(at))=-2 exp{—ia—z} —

2
7o, 2 0

4l




k=0,12--- 00
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P[T,(a)>t|=P[no pointsin 0 tot]
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T, («r) is exponentially distributed

P. (t)=1-exp[-At]
p, (t)=Aexp[-At] O<t<o

FR— exp

270,

<Tf>=ofmexp[—ﬂt]dt @




Example
Let X (t) be a nonstationary, zero mean, Gaussian random process

with autocovariance function Ry, (t;,t,).

Determine the average rate of crossing of level « by
the process X (t).

(n(a,t)) = (| (V] 6] X (t)-et]) :Dx\pxx. (e, %:1) 0%

D

—

We need the jpdf of X (t) and X (t).

p(x,X;t)= 1 exp_— 1 {x2+>'<2_2rx>'<
- 27Z'O'X(7X\/(1—I’2) I 2(1—r2) o, Oy 0,0

—00 < X, X < 00




ar
\GX\/Z(].—FZ))

Note

eThe quantities r, o, , &o, are time varying.
olf r=0and o,,&0c, are time invariant, the
above expression reduces to the expression for
the case when X (t) Is stationary.

This Is what Is expected.
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P, (t)=1-exp




First passage time for envelope process R(t)

Recall — /

(02 (:0) = [ e (& ) o =—= exp{_;zzj
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The maximum value of X (t) ininterval 0to T

10

0

-10

10

£ 0

-10

10

0

-10
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N\ N N

| | | |
06 07 o08 09 7

R
JAVAVAVAVaV ALV,

| |
.5 0.6 0.7 0.8 0.9 1

P

VAR

|
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time s
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