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Failure of randomly vibrating systems-3
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Fourier representation of a Gaussian random process (continued)
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Rice's definition of envelope and phase processes



 

   

1

1

os sin sin

sin cos cos sin

r n r r
n

n n r r n r r
n

t t t

b t t t t

   

     









   

     





Central frequencyr 



18

     

   

   

   

   

1

1

1

1

cos cos sin sin

sin cos cos sin

cos sin cos

sin cos sin

cos sin

n n r r n r r
n

n n r r n r r
n

n n r n n r r
n

n n r n n r r
n

c r s r

c

X t a t t t t

b t t t t

a t b t t

a t b t t

I t t I t t

I

     

     

    

    

 

















     

     

      
  
      
  

 









     

     

1

1

cos sin

sin cos

n n r n n r
n

s n n r n n r
n

t a t b t

I t a t b t

   

   









   

    







19

     

   

     

   

1

2 2 2

1

1

2 2 2

1

cos sin

sin cos

c n n r n n r
n

c n
n

s n n r n n r
n

s n
n

I t a t b t

I t X t

I t a t b t

I t X t

   



   



















   



 

    



 











20

     
           
     

   
 

     

 

2 2 2

1

cos sin

cos ; sin

tan

cos

( ) Envelope process associated with ( )
Phase process associated with ( )

Central frequency as

c r s r

c s

c s

s

c

r

r

X t I t t I t t

I t a t t I t a t t

a t I t I t

I t
t

I t

X t a t t t

a t X t
t X t

 

 



 






 

 

 

 
  

  
   





 sociated with ( )X t



21

   

   

 

1

1 1

cos

Here  are deterministic constants and  form

an iid sequence of random variables with a common PDF
that is uniformly distributed in 0 to 2 .

c

n n n
n

n nn n

n

X t A t

A

X t A

 









 

 

 





Alternative representation

 

    
   

   

   

1

1

1

1

os

cos cos sin sin

cos sin

cos

sin

n r n r
n

n n r n r n r n r
n

c r s r

c n n r n
n

s n n r n
n

t t

A t t t t

E t t E t t

E t A t

E t A t

   

       

 

  

  

















    

           

 

    

    











22

     
     
     

     

     

   
 

 

2 2

1

cos sin

cos

sin

cos

tan

( ) Envelope process associated with ( )
Phase process associated with ( )

Central frequency ass

c r s r

c

s

r

c s

s

c

r

X t E t t E t t

E t a t t

E t a t t

X t a t t t

a t E t E t

E t
t

E t

a t X t
t X t

 





 









 







   

 

 
  

  




 ociated with ( )X t



23

           

 

     

   
 

2 2

1

Let ( ) and ( ) be two random processes.
Define

( ) ( ) cos ( )sin
Let A cos & sin

( ) ( ) cos

tan

A t B t

X t A t t B t t
t R t t B t R t t

X t R t t t

R t A t B t

B t
t

A t

 





 

   



   

 


 

Probability distributions  of Envelope and phase processes

 

By definition
( )=amplitude process, envelope, or amplitude modulation of ( )

phase process, or phase modulation of ( )
carrier frequency or central frequency

R t X t
t X t




  
 

 





24

   

   

 
   

1

cos
sin

2 2

2 222

Problem
Given , ;  to find , ; .

cos
sin
cos sin
sin cos

, ,

Let  and  be jointly Gaussian

21 1, exp
2 12 1

AB R

a rR AB
b r

ab
AB

a b a baba b ab

p a b t p r t
A R
B R

R
J R

R

p r rp a b

A B

r aba bp a b
rr








    








 
 

  
 

 





  
    

   


 
 



25

   

 
 

 

   

   

cos
sin

2

22 2 2 2

2 22

2

0

0

, ,

,
2 1

2 sin cos1 cos sinexp
2 1

0 ;0 2

, ;0

, ;0 2

a rR AB
b r

R

a b ab

ab

a b a bab

R R

R

p r rp a b

rp r
r

r rr r
r

r

p r p r d r

p p r dr









 

  
   

 

 

   










 








  
    

   
    

   

  







26

 
     

 

 
 

22 2
2

2 2
2 2

02 2 2 22

0

2

2 2

2

2
exp

4 1 2 11

0 .
Bessel's function of the first kind

1

cos sin2

a b
ab

a ba b
R

a b ab a b aba b ab

ab

a b
b

r
rp r r I r

r rr

r
I

r
p

 
  

    


  

 



                           
    

  

 




 2

;0 2
sin cosab

a a b

r
 

 
 

 
 

 
 

 is generalized Rayleigh random variable
 is a generalized  random variable.

R




27

   

 

2

0
0

0

exp cos 2

modified Bessel's function of argument 
and order 0.

b d I b

I b b



  





Note



28

 

   

 

2 2 2 2

2 2 2

2

2 2

2 2 2

2 2
0 0

2

2 2

 0,

1 cos sin, exp
2 2

exp ;0 ;0 2
2 2

, exp
2 2

ex [Rayleigh RV]p ;0  
2 2

Simi

ab a b

R

R R

R

r

r r rp r

r r r

r rp r p r d d

r rp r r

 

  

 
  

 
 

  
 

 





  

  
    

  
 

       
 

 
   

 
 

     
 

 

Special case

 

     

[Un1lar iforly we ge m RVt ;0 ]2  
2

,R R

p

p r p r p R

  


 



 

  

  



29

Envelope and peaks share common properties.
This is not surprising since the envelope passes through
all the peaks.
The heuristic approach based on which we derived

Rayleigh model for the peak di
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stribution stands justified
since using a more rigorous arguement we have arrived
at Rayleigh model for the envelope.

 and  are independent of the central frequency R rp r p  
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Exercise: verify if the following are true.

R S Langley, 1986, On various definitions of the envelope of a
random process, Journal of Sound and Vibration, 105(3), 503-512.

 Determine p , ;t  
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