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N («,0,T)

eNumber of times X (t) crosses ¢ In0to T
eAn integer valued random variable
oGiven t

Can WE C

This Is

ne complete description of X (t),
haracterize N («,0,T)?

Known as the level crossing problem.

N (O, «

T)=N(T) =hx ()| S[ X (t)—a Jdt

:_T“n(a,t)dt




The number of times the level « Is crossed by X (t) ininterval 0to T
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Poisson model for N («,0,T)

Assumptions

*The threshold level « is high (so that crossing is a rare event)
«Crossing times are mutually independent

*N(a ,0,T)is a Poisson random variable

P[N(a,0T)=k|= (l;!)k exp(—AT)

A = rate of crossing of level & = (n(a,t))

If X (1) Is a stationary gaussian random process with zero mean
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Narrow band and broad band processes

Example 1 Ideal narrow band process
X(t) = Pcos(4t+0);P ~ Rayleigh and ¢ ~U[0,27z]; P L6
(x( > (Pcos(At+6))=(P){cos(At+6))=0
< X(t+7 > <Pcos(/1t+6’)Pcos(/lt+/17+6')>
= <P2>cosm

= x(t) is a stationary random process

Check
R,y (r):i j Sy (a))exp(—ia)r)da):% J' Sy (a))cos(a)r)da)=<P2>cosM
1 =

=— [ (P*)225(A-w)cos(wr)dew =(P?)cos Az (0k)




Example 2 Realistic narrow band processes
MX + CX + kx = w(t)

(w(t))=0;(w(t)w(t+7))=15(r)

. I i .
?Igg Ry (t,t,) — pr exp| —nolr| || cos w7+ 1172 sin @, |7|
t,—t, =t - a
S (@) =|H (@) |
0 (a)): 1/m

(a)f - a)z)+ i2nww,




Example 3 ldeal broad band process
Gaussian white noise w(t)

<W(t)> =0; <W(t)W(t + 2')> =16(7)
|

1 ¢ .
Syx (a))zgj 15(z~0)exp(-ior)dw =~

Example 4 Band limited white noise process

S, (@) =1for ‘a) <o

=0 for |o|>0

R (r) _ SInoT
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Sample of an ideal narrow band process

3 o x(t) =acos(awt +6)

X(t)
o
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Sample of a realistic narrow band process

X(t)=a(t)cos| wt+6(t) ]
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Sample of a band limited process
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Sample of a band limited process
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Narrow band process
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Every zero crossing with +v¢ slope is followed by a peak
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slope can be followed by several extrema



Distribution of peaks for a narrow band process [Heuristic approach]
X (t) = zero mean, stationary, narrow band,
Gaussian random process

Consider peaks above level « inthe interval 0to T.

P[Peak < ] =1-P|[Peak>c|

Number of peaks above level «
Total number of peaks

P[Peak>a | =

| Relative frequency definition |

_ Total number of times the level « is crossed with positive slope in 0-T
Total number of zero crossings with positive slope in0to T

[ X (t) is assumed to be a narrow band process]
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P[Peak>« | =
Total number of times the level « Is crossed with positive slope in 0-T
Total number of zero crossings with positive slope in0to T

N+(a,O,T)

N*(0,0,T)

. < : (2,0 )> [Ergodicity]
(

| Ad hoc assumption |

[ X (t) is stationary ]
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P[Peak>a]= . (O,t)>
——exp| — a’
27 o, P 207
- 1a
27 O,
2
:exp(— 02] _—
—

(a)=1-P|[Peak>c]| :l—exp[—

o o’
= p,(a)= —ZeXp(— >

c X

2

20

jﬂ<a<w

2
X

2

| X (t) is Gaussian |
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Summary

x(t)

A & S EN o - N w IN
. : . - : T

Heuristic basis

Gaussian narrow band process

1 1 x°
Py (X)= exp| — == |- < X <o
270, 2 0,
2
a
P, (a)=—exp| — O0<a<w
p( ) O')f 20'3
07 Rayleigh
EOA Gaussian

©
N
T

0.1F
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Peak distribution

Let X(t)= be a random process.

-Not necessarily Gaussian

-Not necessarily stationary
-Not necessarily narrow banded

M/(c,0,T)=Number of peaks above level a in the time interval
O-T.

What is the PDF of M(a,0,T)?
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The number of peaks of X (t) above level « ininterval 0to T
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M («,0,T)

eNumber of peaks in X (t) above the level « In0Oto T
e A\integer valued random variable
eGiven the complete description of X (t),

can we characterize M («,0,T)?
e This iIs the problem of determing peak statistics.
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T

[[X ()] X (t)-0Ju [ X (t) e et

[m(at)dt

0

X (t)|s]| X (1)-0|U[ X (t)-«]

M (a,O,T)

m(a,t)

Remarks
ef-or a fixed value of T, M (0,,T) is an integer valued random variable

em(a,t)=rate of peaks above level &

em(a,t)is a random variable for a fixed value ot t
eFinding PDF of M (0,2, T) or m(«,t) is difficult
e\We can try finding moments
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Mean value
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!—,—| OQ—.—|
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M (e,0,T)=|m(e,t)dt

T
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m(a,t))dt
S[x(0)-0Ju[x(1)-a])

jx\é[x O0]U [Xx—a] Pygy (X, %, %t )dxdxdX
Xp

T
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Mean square value

(M?(2,0T))= ﬂ ))dtd,

<m(a t)m(at ”I ﬂlexz\pXXXXXX (%,0,%,%,,0,%,;t,,t, ) dx d¥, dx,dX,

o & —00 —0
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Remarks
eSuUppose we are interested only in peaks (i.e., maxima),

we need to restrict 2™ derivative to take negative values.

o 0
= (m(a.t))= j Hx\pxxx (x,0,%;t)dxdx
() ()
eAverage rate of extrema in x(t)(i.e., & =-0)=
Average rate of zero crossings in x(t).
—
(m(=o0,t)) = J' I %P0 (%,0,%;t) dxdX

—00 —00

(x) (%)

= “X‘pxx (0,%:t)dx

=(n, (0,t)) (oK)
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Example
Let X (t) be a stationary Gaussian random process with

zero mean. Determine <M (a,O,T)>.

We need p,.. (X, %, X;t).
Recall

Py ()z,f): 16Xp|:—%)~(ts1)~(:|;—oo<xi<oo;i:]_,2’...’n




X (t) is statlonary:>

(X(t)X (1)) =0&(X (1) X (t))=0

d"X (t d X (t+7) n AR (T
< dt" > 1) drm+”()

X ()X (t+e)) =L RXX Do (X ()X (t+0))

of < “(1)); az—<><2(t)>;<f§=<>'<'2(t)>:
_Gl 0 —0'2_
S=| 0 o O

i _62 O 63 a

2 2 __2
|S| clo.0 +oi0) L

= O, (0102 +62) v’




Py (%0, X;t) =

[ 2 2
0,0,

0

1
S|

(27)2]s]

2 2 4
0,0, +0,

exp

——(022032X2 +20, XX+ 00

0

0

2 2
0,0,

0

4
O,

—(a§a§x2 + 20, XX+ 0; 05 X

1
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o,
0
012022_
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2 __2.,2

D,z (%,0, %) = 13 exp{ L ——(o303x +202xx+afa§x2)}
(25| L 2Bl

<m(a t TT %Py (X,0,%t)dxdx

1 j[\s\z exp[

(27[)2 olo;
<m(a

oo X? 0'2 T
2Is| X exp

)dt=T(m(a

(M(2,0,T))

1)

O'—;—l

X’ o
1+erf
20'12j ,42[S|

3t
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Remarks
-<m(a,t)> here is not a function of time t.

eFor =0 further simplifications are possible
o|f X (t) Is nonstationary, the matrix S would be fully populated and

expressions for <m(a,t)>differs. This expression can be obtained
by using the approach similar to the one outlined just now.
In this case (m(,t)) would be a function of time t and

evaluation of <M (a,O,T)> would be more involved.

ec.,0.,&c; can be expressed in terms of the PSD of X (t) as

o0

= — da) 0'2=— a)S da) 0'3=— a)S d
27,! J I
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Approximate evaluation of pdf of peaks above levelainOto T

P(peak < o) =1—P(peak > «)
Number of peaks above level « in0to T

P(peak>a) = Total number of peaks above level o ip0-teT
M (a,O,T) O
M (—oo,O,T)
/M (a,O,T)
“\M (—oo,O,T)
) (M (2,0,T))

<|\/| (—oo,O,T)>

_ (m(a,t)T _ (m(a.t))
<m(—oo,t)>T <m(—oo,t)>
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<m(a,t)>
)

1 PN o0 | oy |x X oX
[IS|2 exp| ——42 j+2x exp(— ] 1+erf s Jdx
(27[)3 012022;[ ¥ ( 2‘8‘ oy N2 20, 011/2‘8‘

P(peak > &)=

1oy
21 o,

Average number of zero crossings with +* slope per unit time
Average number of peaks per unit time

Define ¢=

1o,

+ O,t " 2
(n"(0.1)) _2% % _ % _pgandwidth parameter
(m(ot)) 1o oo,

21 O,
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2
O,

0,03

Band width parameter ¢=

Remarks

o0<¢e<1

e X (t) Is broad banded = £ =0

e X (t) Is narrow banded = ¢ =1

o2 =0 need not mean that X (t) is broad banded

o2 =1 need not mean that X (t) Is narrow banded

o2 can be expressed in terms of the spectral moments

—iojz da) azz—ja)S da) 03—%0Jjoa)48(w)da)

27T
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1 - — -
2\2
(1_5') a’ sa s

+ 1+erf

\

Pr (@)= N _2012\/2(1—52) 207 0,\[2(1-£%)

S

Remarks
eFor broad banded process (& =0) one gets

P
exp( ];—oo<05<oo

20,

N
(@)=
Here we get a Gaussian model.

eFor narrow banded process (& =1) one gets

2
pp(a)z%exp(— 4 2];O<a<oo

o, 20,

Here we get a Rayleigh model and this
agrees with the result obtained earlier.




0.8

0.7

eps=0.10
=0.25
=0.50

39



Fractional occupation time

I'(,0,T)

eTime spent by X (t) above the level  in0to T
oA real valued random variable
eGiven the complete description of X (t),

can we characterize I'(«,0,T)?

['(«,0,T) . . ..
. (aT )IS called the fractional occupation time

eThis takes values in 0 to 1.
eThe problem on hand consists of characterizing the
fractional occupation time.
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x(t)

U[X(t)-alpha]
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Define

y(a,T)%iU[X(t)—

Finding pdf of y(«,

a]dt

T) is difficult.

Can we find 1ts moments?

)= Hulx)-

—a >dt

=1]<u X (t)

VX (0 -a])- Ju

a]dt>

(x—a) py (X;t)dx




0 0]

< [X ]> jU(x—a)px(x;t)dx

—00

_Ipx (x;t)dx =1 jpx (x;t)

Let X (t) be Gaussian process with zero mean.

<U | X (t)—a}> =1—0£ Py (X;t)dx

T 1 NG
=1— exp| — dx
_‘[o 270, p( 203 j

=—|1—erf (ﬁj L—
2_ oy )




(y(at)) =21Tl_1—erf [Gx‘)zt)j:dt

a) [if X(t) is stationary |
O

L
(P




Envelope and phase processes

x(t)

0

0]

0
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Recall
X+w'x=0
X(0)=Xy;%(0) =%,

Xy .
X(t) = X, coS ot +—2sin et
@

X, = Rcos@;ﬁ: Rsinég
Q

= x(t)=Rcos(at-6)

—

. 2 .
R\/H ;eztanl(ij
@ )/ WX,

oR > x(1)| vt -
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X+ 2nwX+w’x =0
X(0)=Xy; X(0) =%,
X(t) = exp(-nawt) ( Acos w,t + Bsin a,t)

X(t)=-—nwexp(-nawt)( Acosm,t + Bsin a,t)
+exp(—nat) (—w, Asin w,t + v, B cos w,t)

X X
A=x,,B= 0 T119%

Wy
A=Rcos@:B=RsIing

X (t) =@xp(—net)Rlcos (@t - 0)

_————
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xdot(t)

0 1 3 4 7 8
time t
10
5F _
0- N
5 ‘(Xo’ Xo)
_10 | | | |
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x(t)
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P
X+ 2nwX + w°X = —CoS At
m

X(0)=X,;%(0) =X,
limx(t)= X, (DMF)cos(w,t—6)

t—o0
X P 1

st

T \/(1— r2)2 +(2nr)
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