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‘VIBRATION ANALYSIS OF CONTINUOUS SYSTEMS ‘

OX” Ox°ot
ICS: y,(X) =y(X,0) Vy,(X)=y(x,0) & BCSas appropriate.

e(x)=vEl(x)

o {El(x)ihe(x) 0y }+m(x)y+c(x)y: f(x,1)

Y0 = Y8, (00,9

rn

[Elgy] =M, (x)

L L
IEI oo dx=0 n=Kk Imgangokdx =0 n=Kk
0 0




mode shapes for a simply supported beam
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d +2nwa +w'a = p,(t);

2n.o, = (a+ va)f);

jgan (x) f (x,t)dx
p,(t) == n=12,---c

| 22 0)m(x)dx

y(X’ t) — i ¢n (X){exp(_nnwnt)[An COS a)dnt + Bn Sin wdnt] + j‘ hn (t o T) pn (T)d T}




N —o0

eDisplacement: y(x,t)= > a,(t)4,(x)

eSlope: y'(X,t) = iooan (t) o (x)

eBending moment: El (x)y"(x,t)= > a,(t)ElI(x)g (x)

eShear force: | EI (x)y"(xt)| = > a,(t)| El (X)¢£’(X)]’

Other quantities
eBending stress
eShear stress
ePrincipal stresses




A clamped beam under differential support displacements
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Ely" +my+cy=0
y(0,t)=u(t);y'(0,t)=0
y(I,t)=v(t);y'(l,t)=0

y(x,0)=0;y(x,0)

0

The BCS are time dependent.
Modal expansion method cannot be used directly.




Introduce a new dependent variable

y(xt)=w(xt)+h (x)u(t)+h,(x)v(t)




El [Wiv +111"Vu +E;_Vrgu}+m[\i\'/+ hi+hV]+c[Ww+hu+hyv]|=0
Select

' =0

' =0

n, (x) =ax’ +bx* +cx+d

% (0)=Lh, (1) =0;h/(0)=0;h/(1) =0,

3x*  2x°

hl(x):]'_ 12 T E //
Similarly

3x*  2x°
h, (X)=—%~

>
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El [Wiv +h'u+ h;vu}r m[W+ hyti+h,V]+c[W+hu+hv]=0

— EIW" + mw +cW =

I 3x* 2x3 (3x% 2x3)]
“m| | 1- || 2220
e 2L

2 3 2 3
¢ u(l—gx L 2 j+v[3x _2X J — f(x,1)

w(0,t)=0;w'(0,t)=0
w(l,t)=0;w'(I,t)=0
w(x,0) =—h, (x)u(0) ~h, (x)v(0)
w(x,0)=—h (x)u(0)—h,(x)v(0

Eigenfunction expansion method can now be used.
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1y (xt) =w(x,t)+ [y (x)u )+, (X)v(1)]
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y(x,t)=w(x,t)+] h(x)u(t)+hy(x)v(t)|

4 4 4
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Harmonically driven beam: Green’s functions
In frequency domain

L S | exp (iwt)
— §L
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1 e YSC:M;)
82 0%y 0’y

EI(x)—+vEI( )

ox? axzﬁt}rm(x)erC(X)y=eXp(ia)t)5(x_§)

ICS: yo(x) — Y(X1O) yo(x) — Y(X1O)
BCS:y(0,t)=0;Ely"(0,t)=0;y(L,t)=0;Ely"(L,t)=0

limy(x,t)="

t—o0
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Y0 = Y8, (00,9

rn

[Elgy] =M, (x)

L L
IEI ppdx=0 n=Kk Imgangokdx =0 n=Kk
0 0

L
i +2nwa +wa = J‘exp(ia)t)¢n (x)J(x—¢)dx
0

=¢,(&)exp(iant);

N=12,o0




lima, (t) > fn (&)exp(iot)

5 .
t—oo a)n —) + |277n(()(()n

—

lim y(x,t):N%% (ZX)¢n2(§)_eXp(ia)t)
t—o0 n=1 W, — @ -I—I277na)a)n
=G (X, &, w)exp(iot)

with

G(X,f,a)):Nioo ¢n(x)¢n(§)

2 2 :
n=1 @, — Q@ +|277na)a)n

G(x,&, @) = Green's function




Note

oG (x,& 0)=G(& X 0)

*G(x,&, ) is complex valued

*G(x,&, ) is the generalization of the FRF discussed earlier

EORS
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Response of beam to a general load f(t)
Note: the Fourier transform of f(t) is taken to exist
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2 {El(x) 2 +vEI (x)axzﬁt}+m(x)y+c(x)y— f(t)o(x—¢)

ICS: yo(x) — Y(X1O) YO(X) — Y(X1O)
BCS:y(0,t)=0;Ely"(0,t)=0;y(L,t)=0;Ely"(L,t)=0

@) !

N~ =Y (x,0)=G(x,¢{ 0)F (o)
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Beam driven by impulse excitation:
Green’s functions in time domain
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OX? ox°ot

{EI(x)ﬂwEl( )2 }+m(x)y+c(x)y=5(t—0)5(x—5)

ICS: yo(x) — y(x,O) =0 YO(X) — Y(X1O) =06
BCS:y(0,t)=0;Ely"(0,t)=0;y(L,t)=0;Ely"(L,t)=0
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Y0 = Y8, (00,9

rn

[Elgy] =M, (x)

L L
IEI ppdx=0 n=Kk Imgangokdx =0 n=Kk
0 0

i +2nwa +wa = _‘Egén (x)3(t)d(x—E)dx

=¢,(¢)5(1);

N=12,0




a, (t) -
?,
¢ (£)h, (1)
¥ (5) exp( Mp = | j};‘f\cf)?_
—17,0,t)sin (@, :) ;Ai )

N\Wa)dn
y(X’t :N—>oo
\ > 4, (£)¢.(x)
2 o exp (-7,
) at)sin(w
dnt)

=g(x.&t)

9(x.&0)=g(&x1)]
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Response of beam to a concentrated load f(t)

a—z{El (x)iz/ﬂ/El (x) oy }m(x)hc(x)y: f ()6 (x=<)

OX OX OX° ot
ICS: yo(x) — y(x, O) =0 yo(x) — Y(X1 O) =0¢—
BCS:y(0,t)=0;Ely"(0,t)=0;y(L,t)=0;Ely"(L,t)=0
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N |yt = [g(xEt-0)f (2)de

s | H(B)
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1 P | g:\(k
4 o6

1 e Y Y(at)
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Exercise
Show that

9(X,§,t)<:>9(x,§,a)) hoky = sy

That Is

G(x & o) =T g(x & t)exp(imt)dt k}
)

o0

g(x¢&,t) :2i j G(x, & w)exp(—iomt

T
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Response of beam to a general load f(x,t)

Pl

VANATA%AN
= ——

;( {El(X)a—+vE|( )@i%t}+m(x)y+c(x)y: f(x,t)

ICS: Y, (X)=Yy(x,0)=0 y,(x)=y(x,0)=0 s—
BCS:y(0,t)=0;Ely"(0,t)=0;y(L,t)=0;Ely"(L,t)=0
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_Tgx.ft Z' )dffdr
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Response of beam to a concentrated random load f(t)
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1 e ‘ YSC:M;)
82 0%y 0’y

EI(x)—+vEI( )

ox? axzﬁt}m(xww(x)y: f(t)5(x—¢&)

(1) =01 (1) (1+2))=Ry (r) £ S0

ICS: ¥, (X)=y(x,0)=0 y,(x)=y(x,0)=0
BCS:y(0,t)=0;Ely"(0,t)=0;y(L,t)=0;Ely"(L,t)=0
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2 X, &Lt —z'l)g (Xz,f,’[2 —2'2)<f (z'l) f (2'2)>dz'1d2'2

—7, )Rff (z'l, 7, ) dr,dz,




”(Xl,xz,g?,tl,tz,a)):jjg(xl,f,tl—rl)g(xz,f,tz —7,)cosw(z, —7,)dr,dz,

 (x1))=

H(xxitto)do

O'—-.S
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Steady state response

Yr (%6, 0)=G(x.¢ 0)F ()
Sy (X, &, @)= lim= <‘Y x§w)‘>

Towo |

O ——

2

=|G(x.&, @) S (w)




Beam excited by space-time white noise forcing
(Rain on the roof excitation)

Pl

VANATA%AN
P waN

82
OX*

(1001) =

{El(x)

Ox°ot

—_—
—

@+VE|( X) 0y }Lm(x)y+c(x)y= f(x,1t)

0;( f (x.t) f (x+&t+7))=1,m(x)5(£)5(7)

ICS yO (X) — y(X’O) — O yo (X) — y(X’O) — O
BCS:y(0,t)=0;Ely"(0,t)=0;y(L,t)=0;Ely"(L,t)=0
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y(x 0= 2,00,

rn

[Elg)] =manp,(x) —

L L
IEI ppdx=0 n=Kk Imgangokdx =0 n=Kk
0

-~ O —

i +2nwa +w'a —j¢ t)dx;n =12,

:ﬁhn (t—c)d, (x) T (x 2 )ddz







<an (tl)ak (t2)> = h, (tl _Tl)¢n (Xl)hk (tz _Tz)¢k (Xz)
l,m(x,)5 (7, —7,)8 (% — X, )dx,dx,dz,dz,

T (6= e (2, o), (6, )k (3 )l

=0forn=Kk fm> (WD)
> (o 0P Generalized

(t1 _ T)|Odf for n = k coordinates
are uncorrelated

———

jhﬁ (t—r)lodr/

0







Beam excited by a space-time random process

Pl

VANATA%AN
= ——

4
El a—y+my+cy_ f(x,1)

—= ox*

(f(xt)= < (x,t) f (x+§,t+r)>=lo5(§)R(3)
ICS: ¥, (x)=y(x,0)=0 y,(x)=y(x,0)=0
BCS:y(0,t)=0;Ely"(0,t)=0;y(L,t)=0;Ely"(L,t)=0
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M Condrand
c Congtand

4t
llm'”ht -7,)h, (t,—7,)R(7, —7,)dz,dz,
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Beam under random support motions

NN

Ely" +my+cy=0

y(0,t)=0;y'(0,t)=0 }

y(Lt)=v(t);y'(1,t)=0
y(x,0)= O,y(x,O) 0
<v(t)>:0

<V(t)v(t + Z')> =R, (7)< S, (@)
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Introduce a new dependent variable
y (6t W(x ) h(v()

y(0,t) =w(0,t)+
Select w(0,t) =0;

y'(0,t)=w'(0,t)+h"(0)v(t)=0
Select w'(0,t) =0; h’
y(I,t)=w(l,t)+h(l
Select w(l,t)=0; h(
(1)l

t

Select w'(l,




El [W‘V + h‘Vv]+ m[W+h¥]+c[w+hv]=0

Select

v

|l
()

i

ax® +bx® +cx+d
0;h(1)=1h"(0)=0;h"(l)=0;
3x*  2x°

EE

N{ X

0

i

—~~ —~~
~" ~— —
I

h( X




El [Wiv + h‘Vv]+ m[W+hV]+c[w+hv]=0

— EIW" + mW + cW =

3x*

2%°

{

L2

L3

|

f(x,t)




Alternative approach for steady state response analysis

AN

_—<

| exp(iet)

Ely" +my+cy=0
y(0,t)=0;y'(0,t)=0
y(I,t):ﬂ)t);y’(l,t):O
y(x,0)=0;y(x,0)=

47



Ely" +my+cy=0
y(xt)=g¢(x)exp(iot) — YOK) =40 o 01

—

= _ ot
El¢" —mo’g+iwcs =0 @) =|
$(0)=0;¢'(0)=0;¢(1) =L¢'(1) =0

—

v 24, A 4_m0)2_ia)c

g AP=0L ="

#(x)=a(cosAx+cosh Ax)+b(cos Ax —cosh Ax)
+c(sin Ax+sinh Ax)+d (sin Ax—sinh Ax)

¢'—(x) = al(—sin Ax+sinh Ax)+bA(—sin Ax —sinh Ax)
+cA(cos Ax+cosh Ax)+dA(cos Ax—cosh Ax)




$(0)=0;¢'(0)=0;4(1)=1L¢'(1)=0

¢(x)=a(cos Ax+cosh Ax)+b(cos Ax—cosh Ax)

+C(sin X+ sinh Ax)+d (sin Ax—sinh Ax)

¢’—(x) = al(-sin Ax+sinh Ax)+bA(—sin Ax —sinh Ax)
+cA(cos Ax +cosh Ax)+dA(cos Ax—cosh Ax)

¢(O) =0=>a=0.-

#(0)=0=>c=0—

¢(1)=1= b(cos Al —cosh Al)+d (sin Al —sinh Al ) .—
¢'(1)=0=bA(-sin Al —sinh Al)+dA(cos Al —cosh Al)=0
b &d can thus be determined.

jxy(x,t) :Sl[b(cos Ax—cosh Ax)+d (sin Ax —sinh lx)]}exp(ia)t)

|




Random support motions

NN
TN

PSD function of y(x,t)

Sy (x.0) = lim -

Y, (%.0)=g(x.0)V (o)

_’//

—

vy (X’ a)) - ‘¢(X’w)‘2 Svy (a))
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Merits of studying continuous systems

*Means of first cut models for tall buildings, soil layers and
line like structures such as chimneys and towers.

*For certain problems, continuous models may simplify the
problem: for example, continuous models for lattice structures
such as towers.

oIf loads are rapidly fluctuating or when high frequency
vibration is of interest it may be preferable to use continuous
models.

sExact solutions are possible for a class of problems. This is of
educational value and also helps in assessing approximate
methods of analysis.



Limitations

e For each structural type, we need to develop a
separate theory (axially vibrating bar, beam,
arch, plate, shell...).

e Built-up structures (like building structures or
water tanks) are difficult (if not impossible) to
study using continuous system models.



