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Structures under differential support motions
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Pseudo-dynamic response

K K, [{u” 0
{K; KggHug}:{ps’(t)}
Ku? + K u, =0=u? =—K*K u, (t)=Tu, (t)
I=-K7K,
pf (1) = KiuP + K u, =| —K{K K+ K |ug (t)




Total response= pseudo-dynamic response + dynamic response

MU+ Cu + Ku = p,q (t)

Per (1) =—MUP(t) =M Ui, —Cu®(t) - C,u,
=-MTU, (t) - MU, —T'Cu, () - C,u,
=—| MT+M, |t (t)-| CT+C, |u, (t)




MUi+Cti+Ku =~ ML+ M, |ii, (t)-| CC+C, |u, (t)
Special Case

Mass matrix is diagonal = M =0

C is proportional to K (C = aK)

=[Cr+C, |=a|KT+K, |=a| -KK'K, +K, |=0
—

MU +Cu + Ku =-MTU (t)

['~NxN,

U, (t) ~ N, x1

Note: If all supports suffer the same motion, N, =1

r={11 - 1




Random vibration analysis in frequency domain

MU +Cu+Ku =—| ML+ M, |ii, (t)-| CT+C, |u, (t) = p(t)
u, (t) ~ N, x1 vector of stationary random process with zero mean
and PSD matrix

Sy (@)= lim = (Ux (0)U}: ()
p(t)=—| MT +M, |t (t)-[ CT+C, |u, (t)
P (0)=0’| MT+M, U, (0)-io|CT+C, |Uy (o)
=| @’ [MT +M, |-io[CT+C, ||Uy (o)

R (@) =V (@) o [T'M +M, J+iw[IC+C, ]




S (@)= Iimi<[a)2[l\/ll“+ I\/Ig]—ia)[(31”+CgﬂUgT ()
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Ugt (o) @’ [T'M + M, [+i[T'C+C, ]| >
Sy (@)= @’ [MT+M, ]-iw[Cr+C, ]|

S, (a))[a)2 [Ftl\/l +M, } + ia)[iTtC +C, ﬂ
Suu (@)=H (@)S,, (0)H" (0)
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Pseudo-dynamic response
uf =—K=K,u, (t)=Tu,(t)
I'=-K7K,

Symyp (a)) =TS, (a))rt

Total response

u' (t)=u’(t)+u(t)

=Tu, (t)+u(t)

U ()=TU,; () +U; (o)

=TUy (@) +H(@)Pr (o)

H(w)z[ *[MT+M, |-io[CT+C, | Uy (o)

U] (0)=|T+@’ [ MT+M |-io[CT+C, | |Uy (o)




Total response

U7 (@) =| T+&*[MT+M, ]-ie[CT+C, ] U ()
=

Sir (@)

1“+co2[Ml“+Mg]—ia)[CF+Cgﬂt

M+@’[MT+M, |-io[CT+C, ||S ()

Variance of total response=

variance of pseudo-dynamic response+
variance of dynamic response+
contributions due to correlation between
pseudo-dynamic and dynamic responses




Random vibration analysis in time domain

MUi+Cu+Ku =—| ML+ M, |ii, ()~ CT+C, |u, (t) = p(t)
u, (t) ~ N, x1 vector of stationary random process with zero mean

and auto-covariance matrix
Ryg (1 t) = (ug (t)us (t,)) = Ry, (t, —1,)

p(t,) =—| MT +M, |t (t,)-[ CT+C, |u, (t,)
p' (t,) = -t (tz)[FtI\/I + Mg]—u;(tz)[rtc +Cg]
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Recall

d"X "Ry ()
dt" - ot/'ot)

dt"

<d”X(t+T)de(t) )



Total response= pseudo-dynamic response+dynamic response

u' (t)=u”(t)+u(t)
=Tu, (t)+u(t)

=Tu, (t)+ [[h(t-7)]{-[MT+ M, ], (z)-[CT +C, ]u, ()} d

0

Variance of total response=

variance of pseudo-dynamic response+
variance of dynamic response+
contributions due to correlation between
pseudo-dynamic and dynamic responses




RANDOM VIBRATION ANALYSIS OF CONTINUOUS
MDOF SYSTEMS
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YU Chimney under

jli"‘%&) wind and earthqukae
: Uyto> loads
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Vehicle structure interaction
eGUideway unevenness
e\/ehicle motion

e\/ehicle parameters
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Re view of dynamics of Euler-Bernoulli beams
under deterministic excitations




Statically loaded beam

d° d’y
—| El
dXZ I (X) dXZ )

y(0)=0;y(l)=0

d’y
dx? (1)=0

y'(0)=0; El




Dynamically loaded beam

Strain rate dependent
viscous damping

velocity dependent
viscous damping

y(0,t)=0;y(l,t)=0
o’y
OX?

y'(0,t) =0; El

(1,1)=0

ICS
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Undamped free vibration analysis
0° 0%y

— El(X)— [+ m(X

SEC e

BCS

y(0,t)=0;y(1,t) =0

: = 0%y
y'(0,t)=0;El —-(I,t) =0

OX
Seek the solution in the form

y(xt)=¢(x)T(t)

—

[E14"(x)] T(t)+$(x)m(x)T (1) =0
Note

N o°T
- et (t)=%-




(Elg"(x)| T(t
[E|¢"(x)]”T(t)+¢(x)m( J

$(x)T (1) $(x)T (1)
Bl (9] _ T
p(x)m(x)  T(t)

T(t)+ T (t)=0=T (t)= Acos(at)+ Bsin(at)

(El¢"(x)] —a™m(x)g(x)=0

y(0,t)=0;y(l,t)=0;y'(0,t)=0; El

— constant=w?

0%y
[,1)=0
ax( )

— #(0)=0;4(1)=0;4'(0) = 0; El %m -0



Eigenvalue problem

d’¢

#(0)=0,¢(1)=0,¢'(0)=0El (=0 g3, _ &
Special case R P
=1 ()= Elim() = PR S
Elg" (x)—o’mg(x)=0 %Ce = {'L

¢iv —l4¢ ~0
¢(x)=a(cos Ax+cosh Ax)+b(cos Ax—cosh Ax)

+c(sin Ax+sinh Ax)+d (sin Ax—sinh Ax)
¢'(x)=ai(-sin Ax+sinh Ax)+bA(—sin Ax —sinh Ax)
+CA(cos Ax+cosh Ax)+d A (cos Ax —cosh Ax)
¢"(x)=ai’(—cosAx+cosh Ax)+bA* (—cosAx—cosh 1x)

+cA? (—sin Ax +sinh Ax)+dA* (—sin Ax —sinh Ax)




5(0)=0:9(1) =0i4'(0) = 0:E1 £ () =0

¢(x)=a(cos Ax +cosh Ax)+b(cos Ax —cosh Ax)
+c(sin Ax +sinh Ax)+d (sin Ax —sinh Ax)
¢'(x)=ai(—sin Ax+sinh Ax)+bA(—sin Ax —sinh Ax)
+cA(cos Ax+cosh Ax)+dA(cos Ax—cosh Ax)

¢"(x)=al’(—cosAx+cosh Ax)+bA®(—cos Ax —cosh Ax)
+cA? (—sin Ax+sinh Ax)+dA* (-sin Ax —sinh Ax)
$(0)=0=a=0

#(0)=0=>c=0

#(1)=0= b(cos Al —cosh Al)+d (sin Al —sinh Al
¢"(1)=0=ba*(—cos Al —cosh Al)+dA*(—sin Al —sinh Al)




¢(1)=0= b(cos Al —cosh Al)+d (sin Al —sinh Al
¢"(1)=0=ba*(—cos Al —cosh Al)+dA*(—sin Al —sinh Al)

A% (—cos Al —cosh Al)  A*(-sin Al —sinh Al) | |d

/

{ (cos Al —cosh Al) (sin Al —sinh Al) Hb}zo

(cos Al —cosh Al) (sin Al —sinh Al) -
A% (—cos Al —cosh Al)  A%(=sin Al —sinh Al)|

= tan Al =tanh Al = {4} " : characteristic values

¢, (x)=(cosh 4, x—cos A,x)+ o, (sinh 4,x —sin ;tnx)/
. cc_)slnl —c_osh Al //
sin Al —sinh A |




0, =C, | —:C, = (A1)

n n 4 n

mi
{Cn }izl =15.4118,49.9648,104.2477,178.2697,272.0309

{o, }izl =1.000777,1.000001,1.000000,1.00000,1.00000
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Homogeneous simply supported beam

n°z° [El

Q). = n:1’2,...w
/<€> " L2 m
gon(x):sin”LLX

Exercise




mode shapes for a simply supported beam
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Orthogonality conditions

[Elg]" = ma)2¢ ...... (1) =
[El¢é’]”—mwk¢k ------ (2)

j 4 [E1g'dx = j Ma?d gdx -+ (3)
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[ #[EV g dx = { [EITY; — | 41[EI 4Tx

—_— 0

= TENTS, —ALENAT) + [ 4Bl

@ 0o —

A 3 $=o0 ¢'=o

!
C 4+ all=0 [ex¢'l=0

|
=,  ¢-0 [er¢i-o.




/ CD CQ being dingonal

— j El (x)¢"(x)¢k"(x)dx 0 for n =k

j m(x)é. (X)é, (x)dx = 0 for n =k
0 \
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Forced response analysis using eigenfunction expansion

sz {EI (X)i+g(x) ai?(’;t}Lm(x)erc(x)y: f(x,1)

ICS: y,(X)=Yy(x,0) Vy,(x)=y(x,0) & BCSasappropriate.

/"K/\/\to WY

/
y(x,t) =) a, (t)e,(X) AN
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jElgp pidx=0 n=k jmgangpkdx =0 n=zk
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1= Za (t)or +eZa ()¢, ]"+c(x)2a (t)p, + m(x)Za (o, = f(x,1)

Za (O[El¢; ]”+Za (e (x ]”+C(X)Z a,(t)g, er(><)Z_: 4, (t)p, = T(x1)

> a, Omofe, + 4,0l ()21 €04 M, +M( 34,00, = 1 (1)

Proportional damping model

ﬁ)szl(x)

(Damping force proportional to time rate of bending strain)

C.= oL MH(BK

¢(x) = am(x)

- r_J - - -
(Damping force is proportional to velocity)




a (t)ma’p + VZ a, (t)[EI
n=1

/N

)@l +am9Y.a, O, +m(0Y 4,0, = f (<0

s 2D
S—

SN

a, (OMaZe, +vY &, (OMa’e, () +am(0)Y 4, O, +m(x) > 4, O, = f (x.)

I
[EEN

n

i an (t)&)ﬁj‘ m(X)¢k¢ndX + Vi a.n (t)a)ﬁ_l‘: m(x)¢k¢n dX

__-/’\)

34,0 c00hd, dx+za ® j m(X)¢ydx = j A (O f (x,)dx

n=1 0 olC®)




=mad +m (a+vw’)a, +m w’a =p ()

. . P. (1
=& +(a+vod)ad +o’a, = Pa(t) _ p. ()
Nl 2,- - p2 mn

T
M= fmo) 5’@ A
0

i +2nwa +w'a =p,(t);

————

2,0, = (@ +vay);

jgan (x) f (x,t)dx

p,(t) == n=12---o
| 22 ()m(x)dx




Initial conditions

Y060 =D 8, 04,9
= y(x0) = Y2, (0)4, (¥

=a,(0) = [ 00, ()Y (x,0)dx &, (0) = [ m(x)h, (x) ¥ (x.0)cx




Final solution

y(X! t) = i ¢n (X){exp(_nna)nt)[An COS a)dnt + Bn Sin wdnt] + j hn (t o T) pn (T)d T}

/<7 GGk)= 9% BMDEL%ii

Remark: S = 2 (et Y

Once the displacement field is found,
we can easily find stress resultants (BM and SF)
and the required bending/shear stresses




Example 1: An undamped simply supported beam
carries an udl. The load is suddenly
removed. Determine the ensuing vibrations.

Solution: %

The initial deflection of the beam satisfies the equation

Ely, =q

Assume that the initial velocity of the beam is zero.




y(x,t)=> a,(t)p,(x) & +woa,=0
n=1 —

= a (t)=A cosmt+B sinwt

y(x,0)=0=4,(0) =0= y(x,) = Zchosa)tsmn—LX

n=1 =

NzX

= y(x,0)=iASInT— Y, (X)
n=1 (/

00 4
EIygV:q:ZEI( j Ansm%—q:mﬂh i (qj
— n=1

El

00 4
y(x,t)= > 45L5 (qu jcosa)ntsinnTﬂX




Example 2: An udl is suddenly applied on an

undamped simply supported beam.
Determine the ensuing vibrations.
Assume that the beam is at rest at t=0.

Ely +my=w
y(x,1) = Za(t)sm X
n=1
WL .. 2 q : Nt X
= an+a)nan:m—jU(t)qsm—dx
0

y(Xx,t) = i (1 COS @ t)smnT7ZX

n=135... 17N




Seismic wave amplification through soil layers

AEL) .
ey
X — Greund lovel .

1 moge density €
z Bamping (n,g) §

- 7777777 Bedowcek
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oz o2 arat

1(0,t) = exp imt);g_g(Lﬂio




u(z,t) =¢(z)exp(iwt)
— pw’gexp(iot) = Gg" exp(iat) +inwd” exp(iwt)
?"(G+inw)+ pw’¢=0

¢” 4 22 12 QCO> ;__-_L,J

(G + naw @\CL) =
¢(2) = Acos Az + Bsin Az
$(0)=1 ¢'(L)=0

=  @(X)=cosAz+tan ALsin Az &
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Amplification factor
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