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Review of dynamics of mdof systems

eCoupling and non-diagonal nature of structural matrices
eNatural coordinates

eNormal modes & natural frequencies

eOrthogonality of normal modes

eUncoupling of equations of motion

eClassical damping models

e|nput-output relations in frequency domain




MDOF system with s-th dof driven by an unit harmonic force

MX +CX + KX = Fexp(iot)
F'={0 0 - 1 - 0 0

s—th entry

X, (t)= response of the r-th coordinate due to

unit harmonic driving at s-th coordinate.

lim X, (t)="?

{—>o0 2




MX +CX + KX = F exp(iat)
F'={0 0 .- 1 - 0 0}
lim X (t)= X, exp(iat)

= X (t)= X iwexp(iot)
X (t) = —X, 0" exp(iat)

~MX,@° exp(iwt)+ CX jiwexp(iwt)+ KX, exp(iot) = F exp(iot)
:—a)ZM +iaC + K: Xoexp(iot)=F exp(iot)

—0’M +ioC+K | X, =F




—'M +iaC +K | X, =F

X (t)= X, exp(iot)=DdZ,exp(int)
OMO=1&DPKD=A
C is classical = ®'C® =T (Diagonal) with ", =21 @

—'M +iaC +K |®Z, =F
®'| -0’M +iC +K |®Z, = D'F
0’ O'MD +ioD'CO+ D' KD |Z, = D'F

o’ +iol +A |Z,=D'F

' Diagonal




—o’l +ial +A|Z, = ®'F

N N
Z(DLKFK Zq)kan
ZOn — 2 k=12 - = 2 k=12 .
(a)n —® +|277na)na)) (a)n —® +|277na)na))
Recall
F'={0 0 --- 1 --- 0 0} (s-thentry=1; rest=0)
=27, = sy

(a)f @’ + i277na)na))

lim X (t) =®Z,exp(iot) = X, (

exp(ia)t)

ZCDmZOn exp(iwt)
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er (t)zz rn = sn

-1 (a)f — @’ + i277na)na))

O O

N
Hrs(a))zz rn = sn

1 (a)f —@° + i277na)na))

exp (iwt)

Remarks

X, (t) = X (t)

._rS(a)): I_sr(a))

o H (a))_ = H, (a))]

o| H(w)| is symmetric but not Hermitian

o[H (a))] = [—a)zl\/l +1wC +k]

-1

A (Drnq)sn
nZ:;‘ (a)f — 0"+ i277na)na))




O[H (a))} = [—a)zl\/l +ioC + k]_l
o Conceptually simple
o Computationally difficult to implement

¥ o

-1 (a)f — @’ + i277na)na))

o Computationally easier to implement
o Not all modes need to be included
(Nor it is advisable to include all modes)
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Example

*;7=0.03 for all modes

eEl =4.5x10°Nm? for all columns

Xy

No

Ka

e B

l

10




m;X; + k1)(1 T kz(X1 _Xz) =0

mzxz + kz (Xz - Xl) T k3(X2 - Xs) =0

MyX; + Ky (X —%,) =0

0

\ \
0.0058 0.0114
® =|0.0100 0.0014

10.0120 -0.0107

5000 0 0 |( X, )

0 4000 0 1% L+ 4x10°
0 0 3000 | | X, |
8x10° —50000° —4x10°

_4x10° 8x10° —4000w°

—4x10°

@°® —4933.30"* +5.867x10" w? —1.066x10° =0
o ={14.86,38.78,56.64} rad/s

’

~0.0061"
0.0122
-0.0087 |

(2 -1 0|[x
-1 2 -1§KX
0 -1 1]|[x

0
—4x10°

4x10° —30000°




[:1\: Z'\Y‘wv\ .

Cq =T

—

B

e

C =1x10*

- 1.1407 -0.3244 —0.0656 |
—0.3244 0.9549 -0.3419 | Ns/m

—0.0656 -0.3419 0.5846

C = @ﬂréff
C.lo \'\QZJ emzZier)
S phuel. Dgromcs
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abs(H11)

10 20 30 40 50 60 70 80
frequency rad/s
| | | | | | |
10 20 30 40 50 60 70 80

frequency rad/s
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abs(H13)

angle(H13)

-10

10

10
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frequency rad/s
| | | | | |
20 30 40 50 60 70 80

frequency rad/s
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angle(H12)
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frequency rad/s
| | | | | | |
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frequency rad/s
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MDOF system with s-th dof driven by an unit impulse force

MX +CX + KX = F&(t)
X (0)=0; X (0)=0

! :{o 0 I

s—th entry

0 0}

X, (t)= response of the r-th coordinate due to
unit impulse driving at s-th coordinate.
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MX +CX + KX =F&(t)
F'={0 0 -1 .. 0 0

X(t)=DZ(t)
OMD=1&DKD=A
C is classical = ®'C® =T (Diagonal) withT"__ =27

M®Z (t)+CDZ(t)+KDZ(t)=F5(t)
O'MPZ(t)+D'CPZ(t)+PKDZ (t)=D'F5(t)
IZ+TZ +AZ =D'FS(t)




IZ+TZ +AZ =®'FS(t)

'Z'n+277na)nz'nJra)fzn—Z:CI)Jn 0(1) _1355(’[)

e

W

2, (0)=0;2,(0)=0

2, (1) = @, (1) = 2 exp(—77,m,t)sin ¢

Svv a)dn

X =D =

X, (0= X @0, (1)

M ()= 2 @0y

n= dn

exp (—17,0,t)siN gt




LZBD:)CD n sn

Remarks —

h, (t)=h,(t)

o/ h(t) | =] h,(t) | =Matrix of impulse response functions

+[h(®)]=[h(V)]

eNot all modes need to be included in the summation
eIf an arbitrary load f_ () is applied at the s-th dof (instead of

unit impulse excitation)

—17,0,t)Sin @, t

n=1 a)dn




hy, (t)
12 (t) = h12 (t)

hy, (1)
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h11(t)

x 10

All modes participate
In vibration

10
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Recall

F(o)= T f(t)exp(iot)dz

f (t):i]2 F(o)exp(—iot)dw
Exercise Hjj (@) = ];hu (t)exp(iot)dz
Show that «




MDOF system under stationary vector random excitation
Response analysis in frequency domain

MX +CX + KX = F(t); X (0)=0; X (0) =0

X (t)—> Nx1
FO)=0 FOFLI)=Rel)

Rer (7) isa N x N matrix
We are interested in characterizing the response in the steady state.

XTVSY?F));: H(o)F (@

1 " SPOES
Sx{\x‘ifi):l'i?oT<ﬁ((”)x&ﬁw)> NZR G
i 2 (H (), ()R (o) H™ (o) > | HeO 0
~H (@) lim —(F (o) ™ (@) H" (o)

— H ()5S, (0)H" () &—— MDOT




MDOF system under stationary vector random excitation
Response analysis in time domain

_|MX +CX + KX =F(t); X(0)=0; X (0)=0
X (t) > N x1
(F©)=0 (F(t)F'(t+7))=Re (v);

Rer (7) isaNx N matrix

x(t)zi[h(t_f)}(f)df

NR\ NXN  NXK

<X (t)>=j;|:h(t—2'):|<|:(f)>d2'=o

/ 7—_‘







MX +CX + KX =F(t)
System starts from rest.

X (t)=®Z(t ZN:cpkz

— g — n

X, (1) nZN;CI)kn:[hn (t_f)Lﬁg 3 (T)}df _ iZN:chncbsnihn (t-7)F. (r)dr

Based on this expression, we can evaluate

mean, covariance and other moments of X (t)




MDOF systems under random support motions
Case of uniform support motions




A building frame under random support motion




M7 +C (2 —U)+C,(2,~2,)+k (z,—u)+k,(z,~2,)=0
M,Z, +C, (2, —2,)+C3(2, — 23) +k, (2, —2,) +K; (2, - 2,) =0
MyZ, +Cy (2, —2,)+ K (2,—2,) =0

X =7,-U |

X, =2,—U

X, =2,—U |

m, X, +C.% +C, (% — X, )+ KX +K, (% — Xz)zﬂ_

M, X, +C, (R =% ) +C5 (X, = X5 ) + K, (X, =% ) + Ky (X, = X5 ) = =Myl
m,%; + € (¥ =) + ks (% =X, ) = —myll o




m,
0

0 ](%
0 [{%, ¢+
m, \5('3)

c,+C,

—C,
C, +C;

0 (%,
—Cy |9 %, ¢+
C; | \).(3,

[k, +K,

_k2

0 1(x
Ky [4%, ¢ =
Ky | (%)

0 0][1

m, 0 |{1¢U
0 m, |1






MX +CX + KX =F(t)
F(t)=-M {1}u(t) —

=M {1}{u tl)U(t2)>{1tM - M{‘}ewgcz,%\){\}%m
:>X(t):![h(t—r)]F@rzjg[h(t—r)]M {l}U(r)dr

~————

(X (1) :—J:[h(t—r)}M (1)(i(z))dr =0

Ry (1,15 =Il%[h(tl—fl)]l\/l (1} Ry (72,7,) {1} M h(t, —rl)]t dr,dz,




{7/ } =—®'M {1} [Modal participation factor]

e ——

Vo + 217,0, Y, + @5y, = y,U(t)




x(t)=2y(t)

X (t):ZN_;CDknyn/(t)

———

yn +277na)nyn +a)r$yn = 7/nU(t)




N N
= qu)knq)kmjjhn (tl_Tl)hm (tz _72)7/n7/mRuu (TI_TZ)dz-ldTZ

—

N N tt
t) = ZZ(Dk Cka_”hn (t—7)h, (t—7,) 7.7wRu (7 — 7, Jd7,d7,
00

n
n=l m=1 /4 =




" (t):nZN;CDKnyn (t)
X, (@)= Zq)f (o)

V. +2n w. V. +(()§yn = ynu'(t)
—

7/nUT (C())
Yr (@) = w: -’ +i2n o w




7/nU.T (a))

2_ 29 "
W, — " +i2n o w

(Dknq)kmyn7/m

n=1 m=1

[a)ﬁ — 0’ + i277na)na)][a)rf, ~’ —i2n, 0 o

(Dknq)kmyn?/m

+n:1 — [a)ﬁ —0° + i277na)na)}[a)§] o i277ma)ma)} -
oy, = TSXka (w)dew
e

= Contribution ignoring modal interactions + correction
due to modal interactions




A building frame under random support motion




psd of accln
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Displacement auto-PSD
(m? / rad/s)
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cross-psd (12)

Amplitude of

Cross PSD (12)
A % CE)
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phase rad (12)
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Structures under differential support motions
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99’ 99’ " "gg9 g g
Pseudo-dynamic response

K Kg uP - 0
Ko Ky |lug) [Ps(t)
Ku? +K,u, =0=u’ :—K‘lKgug (t)=-Tu,(t)

I'=K™K,
pc,llo (t) - K;up T Kggug




