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Preliminaries
Discrete MDOF systems under deterministic excitations

eNature of equations of motion

elnput - output relations in time domain

eInput - output relations in frequency domain
eForced vibration analysis using modal expansion




A rigid bar supported on two springs

k;? +@+ﬁf;

@5% O e e

Two DOF-s
e 1 Translation
¢ 1 Rotation

f £, - % M.*

O, : Elastic centre (k,L, =k,L,) L+, =L +L =L
O,: Centre of gravity




. T A
"ﬁ(&aﬁ_ﬁ@f) 1‘ T |
|  me '

my+k (y—10)+k,(y+1,0)=0
10+k, (y+1L,0)1, -k (y-1,6)l,=0

—

m O0|[V . K, +Kk, -kl +kL, ||y o
0 1[|6] |—kl+kl, kl2+kl?||8]

M is diagonal and K is non-diagonal
Static coupling
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M is non-diagonal and K Is diagonal
Inertial coupling
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M is non-diagonal and K Is non-diagonal
Static and inertial coupling




Remarks

sEquations of motion for MDOF systems are generally
coupled

*Coupling between co-ordinates is manifest in the form of
structural matrices being nondiagonal

Coupling is not an intrinsic property of a vibrating system.
It is dependent upon the choice of the coordinate system.
This choice itself is arbitrary.

*Equations of motion are not unique.
They depend upon the choice of coordinate system.



Remarks (continued)

*The best choice of coordinate system is the one
In which the coupling is absent. That is, the structural
matrices are all diagonal.

*These coordinates are called the natural coordinates

for the system. Determination of these coordinates for
a given system constitutes a major theme in structural
dynamics. Theory of ODEs and linear algebra help us.



A building frame under support motion
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A frame with asymmetric plan under multi-component

support motions
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All dimensions in mm
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Aluminum
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MK + Ky (X = Y10 = Xg )+ Cy (X = Y10 = Xy ) + Ky (X = y10 — X ) +C4 (X = y,0 — X ) +

Kg (X + o0 — Xy ) +Cg(X+ Y20 — Xy ) + K (X + Y20 — Xg ) + Cs (X + Y0 — X4 ) =0

my+k2(y+xle_yg)+02(y+xlé_yQ)+k7(y+X19_yg)+c7(y+xlé_yg)+
ks (¥ = %20 = Yg) + 5 (¥ = X0 = V) + Kg (Y = %20 = y ) +C6 (¥ = X,0 = Y¢) =0

|(§+X1[k2(y+X19—yg)+C2(y+X1(9—yg)+k7(y+X1(9—yg)+C7(y+X19—yg)]—
Xz[ks(y—ng—yg)+C3(y—X29—yg)+k6(y—X29—yg)+06(y—X29—yg)]+

Vo [ka (X + Vo0 = Xg) + Cg (X + Y8 — Xy ) +Kg (X + Vo0 = Xy ) +Cs (X + Y0 — X ) |-
Y1[k1(X—Y1‘9—Xg)+Cl(X—Y19—Xg)+k4(X—y119—Xg)+C4()'(—y19—)'(g)]:0

u(t)=1y(t); MU + Cu + Ku = f(t)




How to uncouple equations of motion?

MX +CX + KX = F(t)

X (0)= Xy X (0)= X,

oM, C and K, In general, are non-diagonal
eEquations are coupled

Suppose we introduce a new set of dependent
variables Z(t) using the transformation
X(t)=TZ (t)

where T 1s a nxn transformaiton matrix, to be
selected.




MX +CX + KX = F(t)
X (0)=X,; X (0)=X,

X(t)=TZ(t)

= MTZ (t)+CTZ(t)+KTZ(t)=F(t)
=T'MTZ(t)+T'CTZ(t)+T'KTZ (t) =T F(t)

= MZ (t)+CZ (t)+KZ(t)=F(t)

M,C, &K = structural matrices in the new coordinate system.
F(t) = force vector in the new coordinate system

Question

Can we select T such that M,C, &K are all DIAGONAL?

If yes, equation for Z(t) would then represent a set of uncoupled
equations and hence can be solved easily.




How to select T to achieve this?

Consider the seemingly unrelated problem of
undamped free vibration analysis

MX + KX =0

Seek a special solution to this set of equations in which
all points on the sturcutre oscillate harmonically at the

same_freqUenCy- )=y exp(int) | S
That is A ) = I expCt) |
X (t)=r exp(iot);k=1,2,---,n

or, X (t) = Rexp(imt) where R is a nx1 vector.

= X (t)=ioRexp(iot) & X (t) = -w’Rexp(iot)
=| -&’MR+KR |exp(iet)=0



—’MR+KR |exp(iot) =0

=|-&"RM +KR | =0

= KR = MR

This is a algebraic eigenvalue problem.
Note

oK=K"'M =M

oK Is positive semi-definite

oM s positive definite

—

Eigensolutions would be real valued
and eigenvalues would be non-negative.




KR = »’MR
[K—a)ZM]Rzo

Let [K - o’M ]‘1 exist.

:[K—wZM]_l[K—a)ZM]R:O
= IR=0=R=0

— If [K — 0*M T exists, R=0 is the solution.

Condition for existence of nontrivial solution is that
| K-o’M ]_1 should not exist.

=K -o’M|=0

This is called the characteristic equation.

This leads to the characteristic values

w; < w; <---< @’ and associated eigenvectors
R,R,,---,R..




Orthogonality property of eigenvectors

Consider r - th and s-th eigenpairs. = @&)jc; P 4t
KR, = @*MR, (1)

KR, = 0?MR, (2)~ RRIMR =0 r=#s

1)xR!
xR = R'IKR =0 r#s
R'KR = w?R'MR. (3)—

(2)xR' =

R'KR, = ’R!MR, (4)—
Transpose both sides of equation (4) =
RIK'R, = @’RM'R, RMR, =1
Since K! =K &M " =M, we get RIKR, = @’

Normalization

RIKR. = w’RIMR (5)—
Substract (3) and (5) =
(0 —@? )RIMR, =0
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Orthogonality relations
O'MD = |
O'KD=A

Select T =&




Consider
Undamped
Forced
Vibration
Analysis

MX + KX = F(t)

X (0)=X,; X (0)=X,
X(t)=DZ(t) =—

= M®Z (t)+KDZ (t) = F(t)

= O'MOZ (t)+O'KDZ (t) = D'F(t)
= 1Z(t)+AZ(t)=F() -

=7, +wz, =1 (t);r=12,---,n

How about initial conditions?
X (0)=®Z(0)
®'MX(0) =Dd'MPZ(0)=2(0)

Z(0)=®'MX(0)&Z(0)=®'MX(0)

— e




z,(t)=12 (O)cosa)t+Zr(o)sina)t+j'isina) (t—7)f, (v)dz
r r r a)r r Oa)r r r

X (t)=DZ(t)
X (\t)=) ® z (1
k() — kr r() Ka(zz/"'/n

n 3 t
=» @,z (0)cosa,t+ Zr(O)sin a)rt+jisin o, (t—7) fr(r)dr}
)

r=1 Wy 0 r




How about damped forced response analysis?

MX +CX + KX =F(t)
X (0)= Xy X(0)=X, o~

X(t) =DZ(t)

= M®Z (t)+COZ(t)+KDZ(t)=F(t)

= O'MPZ(t)+D'CPZ(t)+P'KDZ(t)=D'F(t)
= IZ (1) + ©'COZ (1) + AZ (1) = F (1)

If ®'C® is not a diagonal matrix, the
equations of motion would still remain coupled.




Classical damping models
If the damping matrix C is such that

®'Cd is a diagonal matrix, then equations would

get uncoupled.

Such C matrices are called classical damping matrices.
Example

Rayleigh's proportional damping matrix
C=aM + K




C=aM + K
>0 ' CO=D"'[aM + K]D
=a®' | D+ D' KD
=a[l]+p Diag[e]
= C, =a+,8wf
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mass and stiffness proportional
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IZ (t)+®'CDZ(t)+AZ(t)=F(t)
Z(0) = ®'MX (0) & Z (0) = d'MX (0)
p—

Z+2n0 +wiz, =, (t);r=212,---,n
with z, (0) &z, (0) specified.

—

(t)=exp(—n,o,t)]a, cosw,t+b, sinw,t]|+

I L exp[-mo, (t-7)] 1, (v)de

a)dr




t
Z, t) — exp(—nra)rt)[ar Cosw,, t + br sin C()drt] +j
0

(
X(t)

>

=> @, 1exp(-n,o,t)[a, cosw,t+b, sina,t]+
r=1

K=12--.n

a)dr

t

0

J~ 1

a)dr

exp [—nra)r (t- r)] f,(r)dr

exp [—nra)r (t- Z'):I f,()dz




Example 1
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Part Dimensions i 1m
Depth (D) Width (5) Length (L)
Column D4=300 B4=2511 L 4= 400.00
Slab Dz=12.70 Bs=150.00 Ls=300.00
Material Properties
SI. P Mass Young’s o .
No. Part Maternal ke Modulus () Mass léle:_nsit} (p)
N/m
1 | Column Aluminum | M, =0.0814 69.0E+009 2700
2 | Slab Aluminum | M.=1.5430 69.0E+009 2700
Allen screw
-~ > M = 35 _ _
3| Mg Steel M..=0.0035
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Mass matrix (kg)

M =[1.8965 0
0 1.8965

0 0 1.7338]

0
01 _~

KD - NG

Stiffness matrix (N/m)

K = 1.0e+003 *[5.8475
-2.9237
0.0000

-2.9237
5.8475
-2.9237

0.0000
2.9237 |-
2.9237]

n=[0.024 0.009 0.007]
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Orthogonality checks:

O'M®D =[1.0000 0.0000 0.0000
; 0.0000 1.0000 0.0000 -
0.0000 0.0000 1.0000] -

iy
®'KD = 1.0e+003 [0.3202 -0.0000 -0.0000
-0.0000 2.4748°"-0.0000
-0.0000 -0.0000 5.0580]
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Example 2

Columns Diameter (mm)
Aluminum 10.13
Steel 9.958

All dimensions in mm
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Physical properties of the frame members

Material Properties

o Mass | Modulus .
Nsi; Part I(\QIct)}; Material 1\112 > density of I;;):iséo(;ll )S
' ' 8 (p) elasticity
ke/m’ | (E)N/m’
1 | Columns | 3 | Aluminum (”ZB”;';ET )1 2700 | 69.0E+009 0.3
2 | Column 1 Steel m4=0.3037 7800 | 2.00E+011 0.3
3 Slab 1 Steel M=3.7294 7800 | 2.00E+011 0.3
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Location of mass center (1) Mass matrix

bs=0.30 , ds=0.15 . ts=10.625e-3 M = [4.0444(kg) 0 0
bs1=0.286 . ds1=0.136 0 40444 (kg) O
X=0.1436 , 7= 0.0720 9 0 0.0431 (kgmr);

Stiffness matrix (force in N, distance i m and angle 1n rad).

k1=k2=k3=ka=k7=k8= 3.4240e+003 N/m
k5=k6=9.2674e+003 N/m
— | \=313 1298 Nm

K= 1.0e+004 *[ 1.9539 0 0.0475
1.9539 -0.0824

0 935z :
/ 0.0475 -0.0824 0.0805]:
_An={002 0.02 0.01'




Mode shapes

Mass normalized modal matrix
| \ \!
@ =[-0.2452 04308 0.0392
0.4254 02483 -0.0681
0.7615 0 4.7567]

Natural frequencies (rad/s)

69.5064

{w,} =[66.8321 Lg
138.0460]:
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Orthogonality checks:

@' M® =[1.0000 0.0000 0.0000
0.0000 1.0000 0.0000 \/T
0.0000 0.0000 1.0000]: —

@'KD =1.0e+004 *[ 0.4467 -0.0000 0.0000
-0.0000 0.4831 0.0000

\ 0.0000 0.0000 1.9057]:
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Summary

Normal modes of vibration of a structure are
special undamped free vibration solutions such
that all points of the structure oscillate
harmonically at the same frequency with the ratio
of displacements at any two points being
Independent of time.

Thus, for a structure vibrating in one of its
modes, the phase difference between oscillations
at any two points is either O or r.

The frequencies at which normal mode
oscillations are possible are called the natural
frequencies.



Summary (Continued)

Modal matrix is orthogonal to mass and stiffness
maitrices. This helps is diagonalising the mass
and stiffness matrices.

Undamped normal modes, in conjunction with
proportional damping models, simplify vibration
analysis procedures considerably.



Freguency domain input - output relations

M+ Cx+ Kx = T (t) o —>Neetd
Recall

o0

X(a)):jx(r)exp(ia)r)dr N
x(t)zzljziX(a))exp(—ia)t)da) selax

Consider response as t — oo.

M {z_afx (0)exp(=iot)dw +C{Zia)x (a))exp(—ia)t)da)}Jr

K{Tx(a))exp(—ia)t)da)}: F ()exp(=iot)do

—00



exp(—iwt)dw =0

EEE—

X(0)=H(o)F (o)

(Nx1) (NxN)  (Nx1)

H (@) = Matrix of complex frequency response functions
(NxN)




Frame in Example 1 under harmonic base motion

Displacement
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Frame in Example 1 under harmonic base motion

Amplitude, m

Displacement
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Frame in Example 1 under harmonic base motion

Disnlacement

Frequency, Hz
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