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Recall

In general, for LTI systems, the
knowledge of nth order moment of input is adequate
to determine the n" order moment of the response process.

Stochastic steady state
Transients: nonstationarity
Steady state: stationarity

Conditions to be satisfied for existence of steady state
eSystem is damped
eEXcitation Is stationary




Frequency
Domain

/O relations
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SDOF system under stationary random excitation

mX +cx+kx = f (t)
x(0)=0;%(0)=0

<f (t)> - O;<f (tl) f (t2)> =Rj (tz _tl)
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S¢ (€): Physical PSD
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Time dependent frequency response function

Lt

F(Qt,4,) = [t ~z)h(t, —7,) c0sQ(z, —7,) dr,dr,

Questions
What is the nature of # (Q,t;,t,)?

lim #(Qt,t,)="

t; >0
t2 —>00
t2 _t1:T<OO

Do we recover steady state 1/O relations?




Recall h(t) = 1 exp(—not)sin w4t
Mo,

FE(Q,4)=[H(Q) TeosQ(t, ~t,) +

n
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F (1,1, ) = Time dependent transfer function




im F(Q.t,t,)=[H (Q)‘2 cosQ7
t, >0
t, —t=7<00

—

lim R, (r)=[Sy (Q)|H(Q)[ cosQrdr
a2 o
t, —t;=7<00

—

S,.(2)=[H (@) 5, ()

This agrees with the frequency domain I/O relation obtained earlier
directly using the definition of PSD function.




O :T‘H (Q)‘2 S (Q)dQ
0

Example: S, (Q) = |

— = Physical psd for white noise process
T

- (1 /)
m? [(a)z —Q2)2 ~ (2776()Q)2j|

2 _ [ (1/7)
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'gmz [(wz—Qz) +(277a)Q) }




2 [ (1 /7)
Oy = . : dQ
'c[mz[(a)z—ﬂz) +(2naQ) }

Exercise

Use residue theorem and evaluate the above integral
and show that the result agrees with the one obtained

already



Useful integrals
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Approximation for broad band excitations.

e FRF*FRF* |-
e psd
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The approximation would not be acceptable here

« FRF'FRF* |
e psd

psd,FRF
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SDOF system under non-stationary random excitation

mX +cx+ kx =e(t) f (t)
x(0)=0;x(0)=0

<f (t)> - O;<f () f (t2)> =Ry (t, -t

e(t) = Deterministic modulating (envelope) function

X t)=jh(t—2’)€(2‘)f (T)dT

jht rle(r)(f(z))dr =0
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4t

F(Qt,1) :_“J‘h(tl—rl)h(’[2 —1,)e(1,)e(r,)cosQ(z, — 7, )dr,dz,

Behavior of #(Q,t,,t,) for t,,t, — oo depends on behavior of

e(t) for large times. Mﬁ

| -t—é?b 1> 0

Clearly, if lime(t) >0, = lim#(Q,t) >0

o0 {—o0

—
No steady state exists.




SDOF systems under random support motions
e Structural vibration during earthquakes
e \Vehicles travelling on rough roads

AN
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Vehicle taxiing on rough road

m(j+c%[u — y(x:vt+0.5at2)}+k[u— y(x:vt+0.5at2)] =0

with u(0) & u(0) specified.
—

e300

- (1)




mZ, +c|z, —x]+k[z,—x]=0
2,(0)=124;2(0) =2,

7 +2nwm 2, + @'z, = —(277a)n)'(+a)fx)

‘z =17, — x‘ z, = Total displacement

z = Relative displacement
X = Support displacement

MZ + CZ + kz = —m¥X

z(0) =z, —x(0);2(0)=2,—x(0)

I+2nm 7+ m°1 =X




Steady state Random vibration analysis
Analysis of total displacement

Z+2nw 2 +w'z, = —(277wn>'<+a)§x); 2,(0)=2,;2,(0)=2,
t

z, (t) =exp(—nat)[ Acos oyt + Bsin a)dt]—jh(t —r)[Zna)nX(r)+a)§x(r)]dr
0

Steady state
S (0)=[H (@) | @} +(270,0) Sy ()

Sy« (@)=PSD of support displacement x(t)

o, = I‘H (a))‘2 [a)f +(277a)na))2}8xx (w)dw




Steady state Random vibration analysis
Analysis of relative displacement

Z+2nw,2+w;z2=-X; 2(0)=12,-x(0);2(0) =2, -x(0)

z(t)=exp(—not)[ Acosam,t + Bsinw,t]— | h(t—7)mx(7)dr

ot_..:—n-

Steady state
S, (@) =[H (o) m*S, (0)=|H (o) o'm®s, (o)

2

Gz:

‘H (a))‘2 o'm’S, (0)dw

O ey 8




Doubly supported SDOF system under
differential ground motions
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What is relative displacement?
Total response=pseudo-dynamic response+dynamic response




K .

mt,+ 5[, -X]+ 2 [2- Y]+ X+ 2 -

2 2-t

m.Z.t+C|:Z.t—(X+yji|+k|:zt_ X+yj}=0
2 L 2

Pseudo-dynamic response

[ (o

Dynamic response

2(0)=2()-2,()=2()- 3

m‘z‘+cz‘+kz:—m(xzy)




Description of input
X(t)& ¥(t) are zero mean, stationary, Gaussian random processes

with PSD matrix S (®).

S, ()= ‘Sxy (a))‘ exp [—iqﬁxy (a))}

=[S, (@)|{cosg, (@) -ising, ()}
Sy (@) =S, (o)

=[S, (@)|{cosg, (@) +ising, (o)}




Force in the left spring

k_
F =5 L% (t)=x(t) ]
:K_z+ sl | —x}
217" 2
:E:Zz—(x—y)]
Define g(t) =% =[2z—(x-vy)]
Question

What is the psd of g(t)
and what Is Its variance?










1 Z(a)z—a)ﬁ)
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What is the role played by ‘Hf (a))‘2 ?

‘2 (a)/ @, )4

2
1-(olo,) | +45i (01 ;)
An artefact to remove singularity at =0 in the support
displacement.
Typically
@, =5.5rad/s; ¢, =0.53
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It can be shown that
(20" @2 +(2700,)
o' [(wﬁ — o’ )2 +(2newa, )1
o} (@f +4n° 0’

" [(a)f - w2)2 +(2nwo, )2}

H, ()= H (o)

H, ()=

‘ 2

‘Hf(a))

=
H,(#)>0&H,(»)>0

o :I[sxx (0)H, (0)+5,, (@) H, (0) 4[5, (@) Hy (@) [de




Exercise

Determine the nature of S, (a))‘ which produce

e the highest 05,
e the lowest agz.

Assume that ¢, (@) is specified.

Note :
The optimal solutions are produced neither by fully
coherent nor by incoherent motions.




Exercise

Show that

2 _
g =

with

o2, = j{wi[s (0)+5, (0)-2c0s, ()]s, (w)ﬂ}\Hf (o)

o)

2 2 2
O T 04 +0,

dw

‘ 2

o :‘([< 1 2}[Sxx(a))+5yy(a))+200$¢xy (o) Sxy(a))H‘Hf (o)

‘ 2

do

1
w° [(a)n2 — o’ )2 +(2nwao, )2}
2

w° —a),f)(SXX (@)-S,, (a)))+877a)a)n sing,, (0)|S,, (a))H‘Hf (a))‘ dw

af)s = contribution from pseudo-dynamic component

o = contribution from dynamic component

o’ = contribution from correlation between pseudo-dynamic and dynamic components



Large mass concept

Can we replace a given system with support motions
by a modified equivalent system in which support
displacements as external forces?
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x(t) =exp(iQt)
X(t)=—-Q%exp(iQt)

MU’+%(U —\'/)+g(u —v)=MQ* exp(iQt)

m\'i+%(\'/—u)+%\'/+g(v—u)+gv=0
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NL'Lnoo Ve (t) =z (t)
M, >0

eContribution from rigid body mode=pseudo-dynamic component
eContribution from the elastic mode=dynamic component.

¥




pdf of the response process (intutive arguement)

mX+cx+kx = f (t); x(0) =0;x(0) =0

Let f (t) be a zero mean Gaussian random process

x(t):_tc[h(t—r)f(r)df

x(t)~ S h(t-z,) f (z,)Ar,

n=1
—

X(t) Is obtained as a sum of Gaussian random variables

= X(t) iIs Gaussian

Note

Rigorous proof that x(t) is a Gaussian random process

IS possible using definition of Gaussian random

variables in terms of log-characteristic functions and cumulants.




Exercise

Consider

Let X (t) be a zero mean Gaussian random process
LetY =X, — X,

X(t+h)&x _X()

1

Show that Y is Gaussian and hence obtain p, (y).

Examine the limit of p, (y) ash — 0.



pdf of the response process

mX+cx+kx = f(t); x(0)=0;%x(0)=0

Let f (t) be a zero mean Gaussian random process
= X(t) is also a Gaussian random process.




Problem of reliability analysis

P[x(t)<avte(0,T)|=?

Select {t;}. €(0,T) such thatt, =iAt and nAt =T.

Question: can we approximate the given probability by

H j P, (>~<;t~)d>~< where the integration is carried over the region

Q=(x<a)n (X, <a)n-(x, <a)?



Not quite!

May be yes, as n — .

Even if this were to be acceptable, we still need to evaluate

a multi-fold integral (with dimension =n and set to become large)
which by no means is a simple task.

How to proceed?

We need newer descriptions of x(t).




