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Recall

*SDOF systems under harmonic loads

eResonance
DMF and phase spectrum
*Transient and steady state

Indicial response function

sImpulse response function
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Note: the effect of applying impulse at =0
IS equivalent to imparting an initial velocity at =0

mh+ch+kh=0

h(0)=0 h(0)=1/m

h(t) = exp(—naot )( Acos wyt + Bsin o,t)

h(0)=0=> A=0

h(t) = Bexp(—not)sin w,t

h(t)=B(-nw)exp(-nat)sin o,t + Bexp(-nat) @, cos w,t
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Generalization: n™ order differential equation

d"h d"h dh
—+a,  ———+ -t —+ah=0
dt dt dt
dh d™h, o d"h

h(o):O;E(O):O;”" 4™ (O)_O’ g™ (O)




Response to arbitrary excitation and Duhamel’s integral

mX + cX + kx = f (t)
X(0) = X,
X(0) = X,
£ £6dx
A
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Duhamel’s integral & response to arbitrary excitation

sApproximate f(z) as a train of impulses
odx(t)=response at t due to a single impulse at =t
of magnitude f(r )d t

«X(t)=total response due to all the impulses

Led




mX + X+ kx = f (1) he)

X(0)=X; *0)=% Recponse b
X(t) = CF + Pl = X (t) + X () ip&e an (infaslse

dx(t) = h(t—7) f (1)d e

B t Covvvolghor \*e—%mé
Xo (t) = _([ h(t—7)1(r)dz D\AVV\ZW\QXT \mg(w

X(t) =exp(-net)| Acos ot + Bsin ot |+ j h(t—7) f (z)dz




X(t) =exp(—nat)| Acos m,t + Bsin ayt| ﬁ h(t—7) f (r)dz

ﬂ@z&zA
X(t) = —nwexp(—na)t)[ACOS ,t+BsiIn a)dt] -+

t
exp(—nat) [—Aa)d sin aw,t + B, cos codt] +% j h(t—7)f(7r)dr
0




Digress:

d a(x)
— j f(X,r)drz
dx o)

q(f() of (X,T)

9(x)

OX

dr+3—2f [x,q(x)]—g—g flxg(x)]

X(t) = exp(-—rat)

X, COSat +

+j h(t—7)f(r)dr

Xo + 110X,

o (1-17%)

Cos )t

For systems starting from rest, Duhamel's integral provides the

complete solution.




Example: A sdof system is excited by the force f(z) as shown.
Assume that the system starts from rest.
Write down the expression for the response valid for any time ¢.

F(t)=%t 0<t<T,

0

:—it-l-ZFO T, <t<2T,

0

=0 t>2T,
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Generalization: n" order differential equation

d”x+a dHX+---+a %4—& X = f(t)
dt" "t dt™? o | S
dx d"*x d"*h -
x(O):ﬁ;E(O): )f_él);...;_dtn_z ( ):i((()Z); = (O)Zié—l)
Recall : definition of impulse response function
d"h d"*h dh
—+a,  ——+ -+ —+ah=0
dt dt dt
dh d"h d"*h
h(0)=0,—(0)=0;---; 0)=0; 0)=1
( ) dt( ) dtn—Z( ) dtn—l( Z_-_"/
x(t):CF + Pl
n t




SDOF system under harmonic loads

M

mX + cX + kx = exp (i4t) QV\H(~A”)M+CLK(A+K)Q _ o
e | ,
' — i —W\z\L{CACfK
!Lrg x(t)=H exp(iit)
—
1

H(m,c,k,1)= . /
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H = = Frequency Response Function (FRF)
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Relationship between impulse response function (IRF)
and frequency response response function (FRF)

(1) = % T X (@) exp(ict)dt

f(t) = % T F(w)exp(iot)dt

X(w) = T X(t)exp(—iot)dw

—00

F(w) = T f(t)exp(—lot)dw

—00




X(t) = [h(t-7) f (r)dz

=

= jh(t—f)f(f)dl’ - f(t) =0Vt <0]

= Th(’[ ~7)f(r)dz [ h(t) =0Vt <0

Causal systems




o0

X(t) = j h(t—7)f(r)dr

= zh(t—r){i

—00
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—00 \_—0
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—00 \_—0

j F(w)exp(ior) da)}dr

}dm

2—] F(w)- jh(u)exp[ia)(uu)]d_u}da)

= X(w)=F(o)H (o)




Convolution In time domain
IS equivalent to multiplication In
frequency domain

t)* £ (1) = [h(t—)f (c)dr & H (o) F (o)

— —

One of the advantages of frequency domain
analysis in linear vibration analysis




Consider

Introduce

f (t)

X+2nm X+ oS X =

m

X(t) = %oj;x () expliat)dao
%(t) = — Tia)X () expliot)do
21~

X(t) = % T— o’ X (o) exp(iot)dw




exp(iot)dw =0

F(w)/ m

= F(o)H (o)

} (0 —0°)+i2nww, —
1/m
(0 —0°) +i2now,

where H(w)=




Furthermore, consider

X+ 2nm X+ @°X = expliet)
m

Let X(t) = X (w)exp(iwt)

Xt = 1/m

(0° —0°)+i2noo,

exp(iat)

Finally

f)=0@t)= F(w) =1
Here X(w)=H (w)




f(t) < F(w)
X(t) < X(w)
h(t) < H(w)

» X()= j-h(t —7)f(7)dr

\4

LTI
hC

i)\ Convolidmn
LTI7) > X(0) = H(0)F (o)
I
LTI - h(t)
LTI > H(w)exp(int)

—_—
—_—

Input-output relations for linear time invariant systems

25



Randomly excited dynamical systems

mX +cX+kx = f (t)

———————

X(0)=Xy; X(0) = %,

f (t): arandom process
o Completely specified

eNot necessarily stationary

eNot necessarily Gaussian
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Problem of Uncertainty Propagation
Given complete description of f (t)

can we obtain the complete description
of response process X(t)?




Samples

of f (t),x(0), x(0)




Input output relations in time domain

X() = exp(-at)| X, cos ayt+ 2% cos it |+ [h(t—7) f ()dlr
= o\ 1-17°) ;

Given the ensemble of f (t) we can
determine the ensemble of x(t) using
this relation

Propagation of uncertainty in inputs to the outputs
follows laws of mechanics.




Mean response

(x(t)) = <exp(ncot)

X, COS @, t +

X

+NwX,

v (L1-7%)

cos a,t

+<_t[ h(t—7)f (T)dT>

(X(t)) =exp(—rat)

m, (t) = exp(-nat)

S

X, COS ), t +

X, COS @, t +

Xo + 170X,

o\ (1-7°)

Xo + 10X,

v (L—-77°)

cos a,t

cos a,t

+[ht-7)(f(e))dz

+}h(t—r)mf (7)dr
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Knowledge of mean of the excitation process
helps us to determine the mean
of the response process.

Without loss of generality we will assume
that the system starts from rest and
Mean of (1) is zero.

—m, (t)=0




X(t) =jh(t—f)f (T)dT

(x(t)x(t,)) :<ﬁh(tl—rl)f (7)h(t, —7,) f (Tz)dfldfz>

O —— —_——

L b

=R, (t,1,) =jjh(tl—rl)h(t1—rl)< f(z) f(z,))dgdr,

i
—
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'R%

Ry (tvtz) = _”h(t1 —)h(t, — )Ry (71’72)d71d72

0 ——

Knowledge of autocovariance of the excitation process
helps us to determine the autocovariance of
of the response process.
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Ry (tl’tz) = _”h(t1 _71)hg2 —7,)Rq (71’72)d71d72

Lett, =t, =t
t

Ry (t,t) =05 (1) :jjh(t—rl)h(t—rz)Rff (7,,7,)dr,d7,

—_—

0

e

Knowledge of the variance of the input is not adequate
to determine the variance of the output. _~

Knowledge of autocovariance of the excitation process
IS needed to determine the variance of
of the response process.




X(t) :jh(t—f)f (r)dz

(x(t)x(t,) x(t,)) :<tjtﬁh(t1—q)f (7)h(t, —7,) f (7,)N(t, — ) T (73)d71d72d73>

000

e
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LG

= [ [ [t~ 2Dh(t, ~2)h(t, ~7,) (f (7) £ (2,) f (7)) drd e,

000 —

Knowledge of third order moment of input is adequate
to determine the third order moment of the response process

In general for LTI systems
knowledge of nth order moment of input is adequate
to determine the nth order moment of the response process

Note: this Is not true for nonlinear systems




Example

X+ ax=f(t) ’IZ:M

X(0) =X,

f (t) = zeromean, Gaussian white noise

(f(1)=0(f(t)f(t,))=1,5(t,-t)

Impulse response function
X+ax=0

X(0)=1
x(t)=Aexp(-at)=
h(t)=exp(-at)




X+ax=f(t)
X(0) = X,
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<X(t1)x(t2)> = :‘jexp[—a(tl —rl)}exp[—oz(t2 —2'2)]<f (7,) f (Z'E)>drld2'2
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What happens for large times?

Ry (t,t,) = ;—;{exp —a(t,-t)|—exp| —a(t +t, )]}

L/

|
:gglv R, (1. t)—)zexp[ r\]:RXX(r)

(t)=e

—_—

= lim &’ —>—//
t; >0

(t,—t,)=0




Remarks

 For small times the response is a nonstationary
random process and is dependent on initial

conditions
 As time becomes large the response becomes a
stationary random process.




Stochastic transient state = Nonstationary response

Stochastic steady state = stationary response

—_—

Mean =0 L~
Autocovariance Is a function of time lagt—
Variance iIs time invariant —
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Deterministic steady state versus
stochastic steady state

Response under harmonic excitation

X+ aX = cos(At)

a’+A°

o081t + 2sin A

For small times, response is aperiodic and
depends on initial conditions.

For large times, response becomes periodic
-harmonic at the driving frequency.
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