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Problem1

A coin is tossed 10 times. Probability of obtaining head

on any trial is given to be 0.4. Find the probability that head
shows up no less than 5 times and no more than 3 times.

eRepeated Bernoulli trials and binomial distribution

oP(X =k)="C,p*“(1- p)”_k k=121

n=10; p=0.4;

P(head shows up no less than 5 times and no more than 3 times)

10—k

=P(3<X <5)= 25: C, (0.4)" (1-0.4)

k=3

=1°C,(0.4)’(0.6)" +*°C, (0.4)* (0.6) +°C,(0.4) (0.6)
= 0.0425+0.1115 +0.2007=0.3547




Problem 2

Let X be a Poisson random variable with
k

P[X =k]= exp(—a)% with parameter a =1.0.
Define a new random variable Y = min(X,4). Determine the
characteristic function of Y.
Y assumes five distinct values: 0,1,2,3,4
Y =0]=P[X =0]=exp(-1)= 0.3679
Y =1]=P[X =1]=exp(-1)= 0.3679

¥ =2]=P[X =2]—exp(-1)-. = 0.1839

|=P[X =3]= exp(—l)% = 0.0613

: =1- P[X 33] =1-0.9810= 0.0190




D, (w)= <exp oY ]>

:gp Y = K]expiok]

—0.3679+0.3679exp[iw] +0.1839exp| 2iw] +
0.0613exp[3iw]+0.0190exp|4iw]




Problem 3
Let X be a normal random variable with paramters m and o.

Show that
1

N j Xexp

—00

<(X-m)2>= L T( —m)zexp

2TOo

—00

Py (a)) = exp(imw—écza)zj

o0

(x)-




(X)= éﬁixexp{—%(

o0

:\/ﬂa j(m+x-m)exp

|




o0 2
1 1/ X—m
exp| —— dx =1
272'0_‘[0 p{ 2( o) j }

= ]O exp{—%(x_mjﬁdx—\/ﬂa

O

Differentiate with respect to o =




To show that ¢y (@)= exp(ima) - %szzj
1

oy (@)= <exp(ia)X )> = \/ZGT exp(ia)x)exp{_%( X — mjz}dx

O
u=2""_ sdu=dx
O
1 5 . 1,
= o ——Uu‘ o
\/Eajexp(la)( u+m))exp{ T } du

:Lexp(ima))T exp —%( ? - 2ia)Uc7+(ic7a))2 —(icra))2 )}du




Problem 4
Let X be Rayleigh random variable with pdf given by

2
Py (X) :iexp(—%j;x > 0.

4
Determine
oP[X > Mode]

oP[X > Mean|
P | X > Mean+standard deviation |
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Py ( )=§e><p( .

Is this a valid pdf?

o0 2
Area under pdf=A= j X exp (—X—j dx
x 8

2 00
t=2 —dt=2dx= A:jexp(—t)dtzlok
8 4 ;

2

8 X2
5
dx

d 7 i
Px (X) :lexp(—x_}riexp(_x_](—ﬁj =0=>x=2
dx 4 8 4 8 4
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P[X >Mode]=P[X >2]=1-P[X <2]

=1-<1-exp —2—2 —exp(—lj— 0.6065
8 2)

o0

-fon(-5 oy

0
Consider U ~ N(0, 2)

2 2

= <U2> ::[O\/;_ﬂz exp[—%)du =4
= qu exp[—%)du :4\/E//

<X>=T§exp(—§jdx =%4x/ﬂ N

0
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© 3 2
(x?)= ﬁexp[_%jdx:

X2

Put X =t = X dx = dt
8 4

:><X2>:T8texp(—t)dt:8

o, =8-27=1.7168= o, =1.3103

—

Mode=2= P (X >2)= exp(—g] =0.6065

—_—

Mean=+/27 = 2.5066 = P( X > Mean )= 0.4559
Mean+std dev=2.5066 +1.3103=3.8169
P(X > Mean+std dev) =0.1618~
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Problem 5
The pdf of a random variable X is given by

Py (X)=Asinzx;0< x <1,

eDetermine A
eDefine Y = cos z X. Determine mean and variance of Y.

eRepeat the exercise If Y Is now defined as Y = \cos nx\
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1
jAsinyzxdx:1:> A=
O 2

=¥ (x):%sinﬂx;03x£1

Y =cosz X

1
(Y)= _fcos 7z§€ %sin 7 xdx
0

Z( COS27X 1 B
4 =

0

<Y2> — jcos2 7 X %sin Xdx
0

Substitute coszx =t = —zsin zxdx = dt

={v*)
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1
=|coszX|=(Y)= ﬂcos ﬂx\%sin 7 xdx

1

2

jcos nX—sm Xdx — jcos ansm T Xdx
0

E

Sin 27z xdx ———jsm 2 XdX
2 2

2
1

= 1
cosZﬂsz 72'( cosszj ~
0 1

27T - Z 27

<Y2> = Jl‘cos2 X %sin nxdx:%



Problem 6

Let X be a random variable with P, (x)=1—exp(—4Ax); x>0
eDetermine the characteristic function and hence determine the
mean and standard deviation of X.

eShow that the shaded area (red) in the figure is equal to the mean
of the random variable.
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= AI exp| —(A—iw)x | dx

_exp[—(/l—ia)) ]_

T




Recall: <X”>:

D, (w)=

1d"0, (o)

n

|
A

(i—ia))
do, (a)) _ _i(_i)

do"

1dD, ()

dw

(l—ia))

> =T

dw
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Shaded area

I[l— P (X) Jox = Iexp(—ﬂx)dx

- =)
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In fact this result is more generally true.
[Wentzel and Ovcharov, Applied problems
In probability theory]

Let X be a non-negative random variable,

that is, P(X <0)=0. Show that the shaded

area in the figure (next slide) is equal to the
expected value of X ;that is, show that

E[X]:prx (x)dx :I[l— P, (x)]dx
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Probability distribution

function of an arbitrary
nonnegative random variable

24



|—0 | Recall: P, (0)=0|

:—>O’?




jxpX dX<w:>|Iijpx x)dx — 0,

k—o0
and, since kj py (Xx)dx sj XPy (x)dx
K

hmk[l P, ( ]—>o

k—o0

T dx QED
0



Problem 7
et X be arandom variable with pdf

0, (X)=Aexp(-Ax);x=0,4=2.

Define Z = max(X, 2).
eDetermine the pdf of Z. What kind of random variable is Z?
eDetermine the characteristic function and hence evaluate

the mean of Z.
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Z=max(X,2)=

p, (z)=Aexp(-4z)|U (0)-U (2)|+P[X >2]5(z-2)
Let P[X >2]=exp(—21)="F,

Z 1s a mixed random variable.

o0

D, (w)= iexp(ia)z)/lexp(—lz)dz +:exp(ia)z) P6(z—2)dz

2
2

_exp[—(/l—ia)) ]_

=P, exp(2iw)+ 4 ~(A-io)

-0

- R exp(2i0) + - {1-exp[-2(4-i0) ]




D, (w)=P,exp(2iw)+ A {1 ex [ —2(A- |a))}}

A—-lw
dCDdzaECf)) — P, (2i)exp(2ie)+ (;/1_(';)'))2 {1—exp[—2(/1—ia))]}

~22)} - 2iexp(—24)

(Z)=2P, +/11{1 exp(—24)} —2exp(-24)



Problem 8
Let X and Y be two independent standard normal

random variables. Define Z = \ZX —BY\.
Find the mean of Z.

Define U =2X -3Y =(U)=0
4(X?)+9(Y?)-12(XY) =13
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Problem 9
Let X be a Cauchy random variable.

Prove that Y =% IS also a Cauchy random variable.

X 1s Cauchy =




Problem 10
_et X be a standard normal random variable.
Determine the pdf of

.Y:XZ

¥ =[x
oY =sgn(X)
oY:min(X,Xz)
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X ~N(0,1) = py (X)=

oY = X2= X =+Y

dy
— =2Xx =12,
dx y

1

J2r

exp(

X2

2

j;—oo<x<oo
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oY:‘X‘

P(Y<y)=P(|X|<y)=P(-y<X<y)

Sy

~—~~ 7
S <

py (

X <y)-P(X <-y)

~®(-y);y =0

=2¢(y);y=0




simulation
theory

PDF of Y =|X]
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oY =sgn(X) o |
Y=11fX>0 — ——
=-11fX <0 I
=01fX =0

p, (Y)=6(y-1)P(X >0)+5(y+1)P(X <0)
1

=>Lo(y-1)+5(y+1)]




oY:min(X,Xz)

P(Y<y)=

:>pY

= P

P(X?<y) forye(0,1)

(X <y)forye(0,1)

\/,rexp( ! jforye(o,l)

2r

y2
exp(—7jfor y #(0,1)
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Problem 11
et X and Y be standard normal random variables.

Determine the pdf of Z = |X|+|Y/|. XLY

Define U =|X| &V =|Y|
Py (U)=2¢(u);u=0
1 u’
=2—exp| — [;u=0
Jor f( 3
P, (V)=2¢(v);v=0
1

V2
=2——exp| — |;
27 p( 2
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pz(z):%exp[—z—;)iexp[—( —%)2+§]du
:%exp(—éjiexp[—(u—gjzldu
z t dt
PUtU_Ezﬁjduzﬁ
P, () _iiexp(—z—zj f exp[—ijdt
‘ 27 \J2 4 ) - 2
V2
_ 8 1 exp[_zzj . ﬁexp[—ﬁ)dt
Jar 2 4 )\2r 4 2
— pz(z):%exp£—§]{®(% —%}/
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Problem 12
Consider two random variables X and Y with

Pxy (X, Y)=< CVX,ya\/X2+y2 < 2.

0 otherwise

oFind C

eFind marginal pdf-s of X and Y and verify if X and Y are
Independent.

eSelect a point B inside the circular region \/xz +y° <2
and let (R,@) be the polar cooridnates of B. Determine

the joint pdf of R and ®, mariginal pdf-s of R and ®. Verify
If R and ©® are independent.
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CVx, ‘+y? <2
pXY(X,y):{ Xya\/x +yl

0 otherwise

21 2

= || Cdxdy= HCrdrde 47C =]|

Vxt+y? <2 (ﬂ/);\/)

Py (X) = Edyzgx/4—x2;—2<x<2
i Z_—
e

P, (Y)= J' — dx 4-y*:-2<y<?
_4_y247r ’ZE/J.__

= Py (X ¥) # Px (X) By (V)
— X and Y are not independent.
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X =Rcos®
Y =RsIN®

pR@(r,H):i;0<r<2;0<9<27z

L;O<r<2
2

i;O<6’<27z

27T

Pre (I’, ‘9) = Pr (r) Po (‘9)
R and ® are independent.
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Problem 13
Let (Xi )i”:1 be an 1id sequence with the common pdf given by
Py (X)=Aexp(—4x);x=0.

Define Y = Z X.. Determine the pdf of Y for A =2 and n=10.
=1

N+ KT

N2 RIVAEERS
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Interpret exponetial distribution as a model
for inter-arrival time between Poisson points.

p, (y)dy=P[y<Y <y+dy]
- exactly n-1 points occurin0toy and

oneeventiny toy+dy

Erlang pdf
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Problem-14 | Buffon's needle problem]

A set of n parallel lines equidistant from each other

Is drawn on a plane. The lines are

at a distance of L from each other. A needle of length

| Is placed randomly on the plane. Find the probability
that the needle would intersect one of the lines.

T Needle of
\
length | < L

51



X = distance from the
midpoint of the needle
to the nearest line

the left







P (needle intersects the line) = P (x < sin ¢)

(
P(x <sin ¢) _ Shaded area

Total area
%I
—sin @d
gsnete
- L 7L

Remark: this result can be used to estimate
value of
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Problem 15
el_et X be a normal random variable with mean m and standard

deviation o. Show that (X")=m(X"*)+(n-1)o? (X"?)
n=34,---
el et X and Y be two normal random variables such that

iﬁn;“{@’[i |

U=2+4X+10XY

V =1+2XY +6Y?
o Find mean and covariance matrix of U and V.
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Hint

X 114 O
~N ’
Y 2)10 9
X and Y are uncorrelated and Gaussian
— X and Y are independent
Introduce
X, =%:><xl> =0,0% =1

Y -2

x2=7:><x2>=o,a§2=1

U =2+4(2X,+1)+10(2X, +1)(3X, +2)
=26+48X,+30X, +60X,X,

V =1+2XY +6Y°?
=1+2(2X, +1)(3X, +2)+6(3X, +2)’
=29+8X, +78X, +12X, X, +54X?




U=26+48X,+30X,+60X, X,
V =29+8X,+78X, +12X, X, +54X’
(U)=(26+48X,+30X,+60X,X,)=26
(V)=(29+8X, + 78X, +12X,X, +54X; ) = 29+ 54 = 83
bint |U.=U —26=48X, +30X, +60X,X,
V, =V —83=8X, + 78X, +12X,X, +54X 2 —54
U12>:<(48X1+3OX2+6OX1X2)2>

R

(8X, +78X,+12X,X, +54X} ~54) >
Use(X")=m(X"")+(n-1)c” (X"?)
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Problem 16

Let X,, X,, -+, X, be an 11d sequence of random variaples
with common PDF P, (x).

Let X,, X,,---, X, be arranged in an increasing order

Xpg SX, <X Zoen X

Cﬁin the PDF of X, where1<r <n.

Remark

eNotice

o\\Ve have already obtained the PDF of
><1:n & Xn:n'
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Consider a trial in which a sample of X, X,,---, X_
IS observed.

Define (Success)={X; <x| for a specified value of x

Define M, (x) = Number of elements in the sample for v@
values X ; <X.

M, (x) is a random variable following Binomial distribution
with p =ﬁxj < x} =P, (x)=
P[M, (x)=k]="C,p"(1-p)" " ik =0,1,2,,n

= P[M, (x)<r]=>"C,[ R ()] [1-P, ()]

k=0




p[M, (x)<r]= kz c, [P, (x)]1-R ()]

Conisder the event

{X,, £x} ={r or more elements have values greater than x|




