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Multi-dimensional random variables-2
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Recall

•Two random variables
•Joint PDF
•Joint pdf
•Conditional PDF
•Conditional pdf & Conditional expectations
•Independence of RVs
•Joint Expectations

•Correlation function
•Functions of random variables
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Typical Rayleigh pdf

Typical uniform pdf
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This transformation could be used in simulation of Gaussian random numbers
on a computer (more on this later).
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Given a Gaussian random variable, how to transform it into a 
specified non-Gaussian random variable?
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In general: Let X be a RV with PDF PX(x).
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Case of two random variables
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p x p x
U N U N U U

P X U
P X X U

  




Rosenblatt transformation
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   

1 1
1 1 1

1 2

2
2 2 1 2

2

1 2
12 1 2 1

1 1
1 1 2 2 2 1

12 1 2

1 2
2 2 1 1 1 12 1 2

1 2

( ) ( ); 0

( | ) ( )

( , )( , ) @
| |

( ) & ( | )
( , )

( ) ( ) ( | ) ( ) ( , )
( ) ( )

dx dxp x u
du du

dxp x x u
du

u up x x u
J

P x u P x x
p x x

u u p x x p x p x x
u u







 
 

 

 



 

   

 


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extremes and products sums, of limitsfor  Models

 

 

1

2 2
i

1 2

Let  be an iid sequence (iid=independent, identically distributed)

of random variables.

Let X & .

According to the central limit theorem

lim

n
i i

i

n
n

X

X

X X X nP a
n

  








  

    
  

 

Central limit theorem

  

 

2

1

1 2

1 exp
22

Let  be an iid sequence (iid=independent, identically distributed)

of random variables that take only positive values.
Define

lim

n
i i

n

x dx a

X

Y X X X









 
   
 




Central limit theorem for products



     

 

2
2

2

1 1

1 1exp ln
22

with ln & Var ln

Yn

n n

i i
i i

p y y U y
y

X X


 

 



 

    
 

  
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5
Normal

 

n
nXXX n

n
i








21
n

1i

Sum

1.  to0in  ddistributeuniformly  iid, are X

Example
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 
  

   
   
 

     

2

Z

Example
Let  and  be two random variables with 
specified jpdf.
Define =max( , ). What is the pdf of ?

( )

max ,

,

 (if X Y)

=  (if X and Y are iid).

p 2

Z

XY

X Y

X

X X

X Y

Z X Y Z
P z P Z z

P X Y z

P X z Y z P z z

P z P z

P z

z P z p z

 

 

    

 

  


Extreme value distributions: distribution of maxima
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 
 

   

     

1

1

1

Generalization 

Let  be an iid sequence.

Define =max .

n
i i

n
i i

n
Z X

n
Z X X

X

Z X

P z P z

p z n P z p z







   

   
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 
  
     
  

    
    
 

2

2

2

Example
Let  and  be two random variables with 
specified jpdf.
Define =min( , ). What is the pdf of ?

( )

min ,

1 1  (if )

= 1  (if  and  are iid)

1- 1

1 1

Z

X Y

X

Z X

Z X

Z

X Y

Z X Y Z
P z P Z z

P X Y z

P z P z X Y

P z X Y

P z P z

P z P z

p z

 

 

   



 

   

     2 1 X XP z p z 

Extreme value distributions: distribution of minima
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 
 

   

     

1

1

1

Generalization 

Let  be an iid sequence.

Define =min .

1 1

1

n
i i

n
i i

n
Z X

n
Z X X

X

Z X

P z P z

p z n P z p z







    

   
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Asymptotic extreme value distributions

 

 
 

   

   

 

1

1

1

Let  be an iid sequence.

Define

max

min

We have shown that

1 1 .

: 
what happens as ?

 is not known?
 is not known?

n
i i

n
i i

n
i i

n
Z X

n
Y X

X

X

Z X

Y X

P z P z

P y P y

n
P x
n











   

    


Questions

   

   

    

    

lim 1 if 1

lim 0 if 1

lim 1 1 0 if 0

lim 1 1 1 if 0< 1

n
X Xn

n
X Xn

n
X Xn

n
X Xn

P z P z

P z P z

P z P z

P z P z









    

    

     

     

Degeneracy

   n
n nF x F a x b 

Stability hypothesis
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Tail decaying exponentially  Type I (Gumbel)
Tail decaying as a polynomial  Type II (Frechet)
Tail is bounded  Type III (Weibull)





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Maxima
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Minima
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pdf

PDF

x

x

Gumbel RV
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pdf

PDF

x

x

Weibull RV
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RV Domain of 
attraction for
maxima

Domain of 
attraction for 
minima

Gaussian Gumbel Gumbel

Exponential Gumbel Weibull

Cauchy Frechet Frechet

Rayleigh Gumbel Gumbel

Log‐normal Gumbel Gumbel

Unifrom Weibull Weibull

Domains of attraction of a few commonly occuring 
Random variables
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Bayes’ theorem

Let X be a random variable and A be an event.
Let us take that A is observable and X is not.
Before observing A we have a model for X.
How can we update the model for X after we have observed A?

   
 

   
 

   
 

|

|

|X

X

P A x X x dx
P A x X x dx

P x X x dx

P x X x dx A P A
P x X x dx

p x A P A
p x

   
   

  

  


  



Recall
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     
 

     
 

       

       

 
   

 
   

     

   

lim 0
|

|

|
|

| |

| |

|
|

|

|
|

|

X

X

X
X

X X

X X

X

X

X

X
X

X

dx
p x A P A

P A X x
p x

P A X x p x
p x A

P A

P A X x p x p x A P A

P A X x p x dx p x A P A dx

P A X x p x dx
P A P A X x p x dx

p x A dx

P A X x p x
p x A

P A X x p x dx

 

 















 

  


 

  

  



   






 







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Bayes’ theorem

     | |X Xp x A NP A X x p x 

         
   

Remarks
If | |

|
X X

X

P A X x P A p x A NP A p x

p x A p x

   

 

If the objective of observing A is to get
an improved estimate of pdf of X, then 
A and should not be 
independent

 dxxXx 



Interpretation of P(A|X=x)

49

Let Y be a random variable that is observable and dependent on X.
Let                  be the observations made on Y.

     
1

| | likelihood function
n

Y i
i

P A X x p y X x


  

     *
1: |X n Xp x NL y X x p x 

 
 

* Posterior pdf

Apriori pdf
=Likelihood function
=Normalization constant

X

X

p x

p x
L
N





nyyy ,,, 21 


