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Recall

- ¢ . £ rand bl Let X be RV; define Y=g(X);
ranstormation ot random varables | Given pdf of X, what is the pdf of Y?

Mathematical expectation operator

(g(X)) = Elg(X)]= _Tg(x)px (o x

Mean, variance, standard deviation
COV, skewness, kurtosis
Characteristic function

Moment generating function




Complete specification of a RV

eSpecification of the probability space.
*PDF

epdf

sMoment generating function
eCharacteristic function

sMoments of all orders




Poisson random variable
k

P(X=k)= exp(—a)%;k =012,

iexp(—a)%:exp(—a)exp(a):l

<X>:gkexp(—a)i—!:gkexp(—a)—
00 ak—l
_;kexp(—) Py
00 ak—l
=a;exp(— )(k_l)/ (put n =k-1)
=aiexp(—a) : =aexp(—a)exp(a)=a




Variance

pary k!
Y5 exp( —a) % = S k2 exp( - ala’ a”
= k! = k(k —=1)(k —2)/
=a’+a




Characteristic function
oy (w)=(exp(ieX))
k

iexp(za)k) exp(— a)—

g exp(—a) (a exr;((!i ®))

explalexp(io)-1f]




Gaussian random variable

1= o e on] 352 o

Area under the curve (=1?)

I;px (x)dx = \/%0 I}exp{—%(x;mjz}dx

Substitute u = (MJ = odu =dx
(o)

Let I= _"exp[——u }
Substitute u =rcos@;v =rsin @ = rdrd @ = dudv

= [ py(x)dx= — z Xp[—%u }du
ST
TTrexp{—?}drdﬁ 21

Hdudv
= J. Py (x)dx=1

Px (x)
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Exercise
Show that
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Remark

A Gaussian random variable
IS completely specified In
terms of Its mean and standard
deviation.




More on Gaussian random variable
Let X ~ N(m, o).

=0.5+erf (u)

erf(u)= % j exp {—%}ds

1,
=0 exps——u“r~ N(01
Ne2rmo p{ 2 } (01)




1

| pu () =0.68268

-1

. Py (u)du =0.95450

-2

H
py (u)du =0.99730

-3

= P(m—30 <X <m+30)=0.99730

m + 30 ~ extremes
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Moment Genrating function
Let Z ~ N(0,1).

- %iexp(sx)exp(—x—;jdx

I X% —2sx
_E_[Oexp B dx

R
_ﬁjexp— > +2de

2z P2 )
2
exp(

3

(exp(sX))

Moment Genrating function
Let X ~ N(u,o0).

(exp(sX))= I (sx exp[ (

s’o?
2

— U
(o2

Substitute = =u & proceed.

Show that (exp(sX)) =exp (sy +




A word of caution.

Moments may not always exist.

Example : Cauchy random variable
1/ 7

119)(()c):1+x2 — 00 < X < o0,

dx =1

1/
J-l+jcz2

—00

Iim | x” Lz dx —>oon=12,---

Q>0 1+ x°
—a




Mean and standard deviation can be used to obtain bounds
on probabilities.

Markov inequality
Let X be a random variable such that it takes

non-negative values. That is, P(X <0)=0.
Then, for any a >0,

P(XZa)S?.

Proof ;

o0 |

<X>='[pr (x)dx / ) <’ —

a O o ‘,L,(_
= | pr(x)dx+. xp . (x)dx <hads A
0 a f '.- ;1_ e ﬂ1‘

o0 o0

> .pr(x)dx> .apX(x)dx:aP(XZa)

a a

= p(xza)< )
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Chebychev inequality
Let X bea RV with mean x and standard deviation o.

Then P(X - 4 > k)< Z—j

Proof : Consider (X - y)z. This is non - negative. By Markov inequality,

P((X - ) 2 k7)< -
(- = k= (X a2 )

= P(jX-y\Zk)s;:—j.
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Remarks

(1) The inequalities are exact in nature and are valid for any pdf.
(2) Let o=0.

= P(|X-4|2k)=0

= P(X lies outside (u-k,u+k))=0.

Consider the limit of k — 0.

= P[X=u]=1.

= X is deterministic.

(3) We have <X2> =02 +m?.

= If (X*)=0=> 0% +m} =0= 0% =0&m} =0.

= P(X =0)=1.

(4) Chebychev's bound need not provide sharp bounds, that is,

the utility as a bound may be limited.
Example:

Let X~N(0,1). Consider P(|X|>3).
The true value is 0.0027.

Chebychev bound provides P(|X| > 3) < %
This is not a good enough bound for applications.

(5)If %>1, the bounds have no significance.

2
0<P(|X-p|2 k)< min(l,z—fj.




Multi - dimensional random variables
Consider two random variables X and Y.

Define £, ={X <x} and E, ={Y < y}.
E=E NE,={X<xnY<y}
Definition
Py (x,y)=P{X<xNY<y}=P{X <x,Y <y}
Note: Comma (,) denotes intersection ().
Py (x, y)= Joint probability distribution function of X and ¥ (JPDF)
Definition
GZPXY (x,y)
Ox0y
Py (x, ) =Joint probability density function of X and ¥ (jpdf).

Py (X, )=




Remarks
(1) Geometric interpretation : Place a point randomly in the x - y plane.
P,y (x;,y,) = P(The point liesin the region X <x, nY < y,).
(2)P,, (x,0)= P(X <xNY <0)=P(X <x)=P,(x).
(3)Pyy (0, y)=P(X <Y < y)=P(Y < y)=P,(»)
( , ) P(XsooﬂysOo)=P(Q):1.




Remarks (Continued)
(6)P(X£xlmy1<YSy2):?

Define

Slz(XlemYSyz)

S, =(X£x1mYSy1)

S3=(X£xlmy1<YSy2)

S =8,U8;5,NS;=¢

P(S,)=P(S,)+P(S;)
PXY(xl,yz):PXY(xl,yl)+P(Xlemyl<YSy2)
:>P(X£xlmy1<YSyz):PXY(xl,yZ)—PXY(xl,yl)
(7)P(x, <X <x,ny <Y <y,)=? (Exercise)
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Remarks (Continued)

TpXY u v)dudv (Q)zl
(9)Pyy (,¥) =R (¥)

=P, (y): T prY (u,v)dudv

dP, K
=, (»)- ;ff): [ pa (o)
Similarly, p , JpXY x,y)dy

p . (x)= Marginal pdf of X
p ,(v)= Marginal pdf of ¥

(10) Knowing p (x, y) we can find the marginal pdf-s.

The other way is not true.

(11) Py (x,y) is monotone nondecreasing in x and y.

:>pXY(x,y)20.

Complete specification
of two random variables X and Y
through JPDF or jpdf.
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JCSS (2002)

Steel as a 5-dimensional random variable

Description CoV
Yield strength 0.07
Ultimate tensile 0.04
strength

Young’s modulus 0.03
Poisson’s ratio 0.03
Ultimate strain 0.06

1 0.75
1

0
0
1

0
0

—-0.45]
—0.60

Distribution: Multivariate lognormal random variable



Independence of random variables

Recall

PACBE). ppy o
P(B)

A1l B=P(ANB)=P

Define 4={X <x}and B={Y < y}

X1lY=PX<xnY<y

— PXY(X’y): PX(X)PY(y)

= po(6y)=py(x)py (v)

Remark

If X'and Y are independent, the complete

specification of X and Y will be through

Px (X)& pY(J’)'

P(A|B)=

=
=

=
|/\ N—

m
jac)
-
IN
=
=
h<




Conditional distributions

Let X and Y be two random variables.
Let B be an event.
Define

P(Y;(;;B) =P, (v|B)

B, (y|B)= Conditional PDF of Y given B.

P(Y<y|B)=

T - OP B
Similarly, we Iﬂtl’OdUCepY(y|B): Yéﬂ )
Y
py(y|B)= conditional pdf of ¥ given B.




Remarks
(1) P,(y| B) has all the properties of a PDF.
Similarly, p, (y|B)will have all the properties

of a pdf.
(2) One can define conditional expectation

(g(Y)B) = Tg(y)py(le)dy

Thus we could define conditional mean,
conditional variance, etc.




Remarks (Continued)
(3) Let B={X < x}.

:P(nglXSx):P(YSmeSx)_P (x,)y)

— XY
P(X<x) PXX

IJpXY u,v)dudv

P J —00—00
:>PY()7|XSX): )g(xx;/)z
3 IJpXY u,v)dudv
dP,(y| X <x)

= p,(y| X <x)= . _j

u v dudv

[ole
[




Remarks (Continued)
(4)Let B= {xl <X< xz}

=P (v]B)= (Y;(;:EZ)SXZ)
_ Py (x2,) = Py (30, 9)

Py () Py ()

Py (u,v)dudv - J- J-pXY u,v)dudv

—00 —00

I

g ==

ij (x)dx

dPY(J’|B)
dy

:>pY(J’|B):

]% DPxy (u,y)du — T DPxy (u,y)du

TpX (x)dx

{ ()
jpy(y|B): = y

]pX (x)dx

Remarks (Continued)
(5) Let x, = xand x, = x+dx

(| B)= P (& ¥)dx _ pyy(xy)
pelx)dx  py(x)
As dx — 0, B:{X:x}.
Accordingly, one gets

(y|X x) PXY(xJ’)

Px (x)
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Joint Expectations :

Let X and Y be two random variables.
Consider a function g(X,Y).
Definition

(g(x,7)) j j g(x, y)p .y (x, y Jdxdy

—00—00

Remarks

(Dm,, =(X"Y")= TT X" V" Py (o, Jdxdy

Clearly,m,, = T T x % a’xdy

o0

_ IXPX(X)dx =17,.Similarly,my, =r7,.

—00




(2) 2,y = <(X_77X )n (Y_UY)k>'

Clearly, u,, = 0% & u,, = 7.

(3) Definition
H1 = <(X —Hx )(Y_ 77Y)> = O xy

o, IS the covariance of RVs X and Y.
(4) Definition

O - ..
r,, = —=—=correlation coefficient between X and Y.
GXGY




More on Covariance and Correlation Coefficient
(1) LetY =aX +b
<Y>:a<X>+b=a17X +b
Lo (-, F) = (@ +b-an, - )=a'e}
0 = (X =1, XY =11y))
= (X =, NaX +b—an, —b))
=a((X =5, X —n, )= ac},
. ao
oo}
QLetX 1Y [= py(x,y)=pe(x)p,(v)]

= <(X —Hy )(Y_ ’7Y)>

=+1(sign of a)

x =1y N0 =1y )Py (x, ¥ )y
X

)
Y= ;/]Y)pX() (y)a’xdy:O

i
[]6-

U

ryy =0




More on Covariance and Correlation Coefficient
(3) Bounds on ry,

Oxy = T T(x—nX)(y—ny)pxy(x,y)dxdy

—00 —00

o0 o0

N j j(x_ﬂX)\/pXY(x’y)(y_ﬂy)\/p)(y(x,y)dxdy

—00 —00

1

< T T(x—ﬂx)z PXy(x,y)dxdyr{T T(y—ﬂy)z pXY(x,y)dxdy ’

—00 —00 —00 —00

(by virtue of the Schwarz inequality )
=to,oy

O xy
O 4Oy
(4)Definition
ryy =0= X and Y are uncorrelated.
(5) X LY = X and Y are uncorrelated
X and Y are uncorrelated does not mean that X 1 'Y

= -1< =7y <1




summary
ryy = xlare the limits of linear behavior;
r., =0 = X and Y are uncorrelated.




2 -dimensional Gaussian random variable
X and Y are said to be jointly Gaussian if

x—nXT+[Mj2_2rn(x—ﬂx)(y—m)

Py (%)= : exp| ——— (
2n0 0, (1—V§Y) 2(1_’”)?'1/) Ox Oy Ox0y

—00 < X <00, —00 < J < 00
Exercise: Prove that

@ (X)= (V) =, (X = ) ) =% (V= V) =02 (X = ) (Y =1y ) = a0y

X n o’ VyyO O
Notes:[ j~N(Xj o e
Y Iy "xyOxOy Oy

H

2
[ ox P Ox Oy ] is known as the covariance matrix.
FxyO xOy Oy
2
(b)Showthatpy(y|X:x)=pXY(x’y)= 1 exp —(y_r)j"YX/zaX) o<y <o
Px (x) JY\/ZE<1—F§Y) 20 (1_rXY)
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Remarks

@) ryy =0= pry (x.¥) = px (x) Py (¥)
That is, for Gaussian random variables,
ryw =0 XLY

(b) Exercise: For r,, # 0, prove that

o 2
1 1( x—
pX(X): ijY(X,y)dy: 271-0_ eXp[_E(xo.”Xj J’-_OO<X<OO
—o \/ X X

o0 2
_ 1 _1 YNy .
PY(Y)—[OPH(X’Y)dx—meXp[ 2[ - j J, 00 < P <0
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Functions of random variables
Let X and Y be two random variables. DefineU = g(X,Y)and V' = h(X,Y).
Question : Given the jpdf of X and Y, what is the jpdf of U and I'?

Steps
(1) Consider u = g(x,y) and v = h(x, y).
Solve for (x, y) from these equaitons.

Let (x,.y,)., bethe roots. Note that n could

be co.

(2) Determine
ou Ou ox Ox

J = ox Ox ORJ'lziz ou Ov
ov  Ov J |0y oy
ox Oy ou ov




Steps (continued)
(3)Find

OR pyy (u’v) = Z J_l‘pXY(xi’yixx:xi

i=1 Y=DYi
(4)Examine g and / and decide upon limits of » and v.
Note : Decideiif it is easier to work with Jor J™




Example —1
U=X+Y V=X-Y

Gl e 2

U=x+y
V=Xx—y
x_l/l+V_ _U—V
2 VT
1
J:‘ =2 | T2
1 —
Pxy \ X,V
pUV(u’v) XY( ) _utv
|J| _%

11 1(u+vj2 l(u—v]z
=——exp| —= -
27 2 2\ 2 2\ 2

1 1o 2\, .
=—=8eXxp ——(u +V ) ,—00 <Y <00;—00 <Y<
A 4

GBS 2

U)=(X)+(Y)=0(ok)
=(X)~(Y)=0(0k)
)=(X*+Y?+2XY)=2=07, (k)
)=

Py (u) = T Puv (u v)dv~N (0\/5 )

p,(v)= _]2 Py (1,v)du~N (O\/E )

It turns out that U and V" are independent
“ Puy (”’ V) = Pu (”)pV (v)




