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Summary of the previous lecture

* Exponential Distribution
e Gamma Distribution

e Extreme Value Distributions

— Extreme Value Type-I| Distribution
(Gumbel’ s Extreme Value Distribution)



Extreme Value Type-| Distribution
(Gumbel’ s Extreme Value Distribution)
f(x)=exp{n{x /a exp n(x /a }/0:

—0<x<00;—0< ff<o;a>0
‘" for maximum values and ‘+’ for minimum values

&= O : ﬂ=/,{— 0450 (maximum)
1.283 =u+ 0450 (minimum)

Y = (X = B) a — transformation

pdf f(y)= exp{rry —exp[rry]} TR<Y<X

‘CDF - F(y)= exp{— exp(—y)} (maximum)

(Double Exponential

Distribution) =1-exp {— CXp (y)} (minimum)



Example-1
(Gumbel’ s Extreme Value distribution)

The annual peak flood of a stream exceeds 2000m3/s
with a probability of 0.02 and exceeds 2250m?3/s with a
probability of 0.01

1. Obtain the probability that annual peak flood exceeds
2500m?3/s

Solution:

The parameters a and 3 are obtained from the given data
as follows

P[X > 2000] = 0.02 F(y) = e ¢’ —o<y<®
P[X < 2000] = 0.98
e, e =0.98



Example-1 (contd.)

i.e., e¢ =098: e’=-In0.98
y = -In{-In(0.98)}
y = 3.902

2000 - 3
(04

P[X >2250] = 0.01
P[X <2250] = 0.99
exp{-exp(-y)} = 0.99
y = -In{-In(0.99)}
y=4.6

2250- 4 _

(04

=3.902 (1)

46 (2)




Example-1 (contd.)

Solving (1) and (2),
o =358 and § = 603

Now P[X > 2500] = 1 — P[X < 2500]
= 1 —exp{-exp(-y)}
y=(Xx-p) o
= (2500-603)/358
= 5.299
P[X > 2500] = 1 — exp{-exp(-5.299)}
=1-0.995
= 0.005



Extreme Value Type-Ill Distribution

 Referred as Weibull distribution for minimum values
« pdfis given by (for minimum values)

f(x)=ax*"'g™ exp{—(x//g’)a} x=z0;a,6>0
« CDF is given by
F(x)=1—exp{—(x//3)a} x=z0;a,p >0

* Mean and variance of the distribution are
u=E[X]=pT'(1+1/a)
0? = Var(X) = g2 {I'(1+2/a) — T%(1+1/a.)}



Weibull Distribution

If the lower bound on the parent distribution is not zero, a
displacement must be added to the Weibull (type Il
extreme for minimum) distribution, then pdf is

1= alx-ef” (B-e) " expi-[(x-e)/(8-¢)]']
x=z0;a,p>0

known as 3-parameter Weibull distribution
CDF is

F(x)=1—exp{—[(x—8)/(/)’—8)]a} x=z0;a,6>0



Weibull Distribution

e Y={(X=-¢)(p—¢)}* — transformation

 Mean and variance of the 3-parameter Weibull

distribution are

u=E[X]=¢e+(f-¢)(1+1/a)
02 = Var(X) = (p- €)? {I'(1+2/a) — T2(1+1/a.)}



Weibull Distribution

f(x)

o — Shape parameter
f — Scale parameter




Example-2

Obtain P[X < 0.1] using Weibul’ s distribution for a
sample X:{0.2, 0.3, 0.45, 0.05, 0.6, 0.07, 0.02, 0.65,
0.15, 0.01}

Sample mean =0.25

Sample variange s? = 0.05782
u=E[X]=pT(1+1/a)

_pxt |L_o P
M_/))OZOZ a\/a

aa =F
u



Example-2 (contd.)

o2 = Var(X) = 2 {T(1+2/a) — T2(1+1/c1)}

o = B 2\/?_/12 u=pT(1+1/a)
aNa p° w/p=T(1+1/a)
o’ =22 up - 11’
B = o+ 0.05782+0.25° Substituting the
Zﬁu 2\/§x 0.25 sample moment
B =0.1702 values
afa =L 291792 4 68063
u 0.25

o =0.774



Example-2 (contd.)
P[X<0.1] = F(0.1)

F(x)=1- exp{_(x//)))“}
FO.D=1 ‘CXP{—(O.1/0.1702)0'774}

=(0.4845
P[X <0.1]1=0.4845



PARAMETER
ESTIMATION



Parameter Estimation

* f(x): pdfand F(x) : CDF
* In general, f(x) and F(x) are also functions of parameters
f(X; 045 05 cooneennnn. 0,)0r F(x; 0,05 ............ 0,
 Arandom sample X, X,, ...... X, Is available

6, : Estimate of 0, : a function of the sample

- 4 : random variable since it is a function of the random
sample.

« Two important properties of the estimators
» Unbiasedness
= Consistency



Parameter Estimation

Unbiased estimate:

 An estimateg of a parameter 0 is said to be unbiased if
E@9) = o.

 The bias is given by E(é) -0

* An estimator is unbiased does not guarantee that an
iIndividual & Is equal to 6 or even close to 6

« The average of many independent estimates of 6 will be
equal to 6.



Parameter Estimation

Consistent estimate:

 An estimateg of a parameter 6 is said to be consistent
if the probability that & differs from 6 by more than an

arbitrary constant ¢ approaches zero as the sample size
approaches infinity.

2

n—>0oo

9—8‘281%0



Parameter Estimation

Methods of estimating parameters from samples of data:

* Method of matching points:
« Method of moments
« Method of maximum likelihood



Method of matching points

Not a commonly used method

Can produce reasonable first approximations to the
parameters

Use the data set to obtain probabilities and estimate the
parameters

Simple and approximate method



Example-3

A data set is assumed to follow exponential distribution
f(x)=ce™® x>0

In the data set, 80% of the values are less than 1.5
Estimate the parameter ‘c’

P[X </5.0]1=0.8
1—-e1¢=0.8
e-1.5c= 0.2

-1.5¢ =1In(0.2)
1.5¢c = 1.61

c=1.073



Method of Moments (MoM)

* One of the most common used methods for estimating
the parameters

« Equate the first ‘m’” moments of the population to the
sample estimates of the first ‘m’ moments

« Resultsin ‘m’ equations; solve to get the ‘m’
unknown parameters of the distribution.



Example-4

Obtain the parameter ‘A’ using method of moments for
the pdf  f(x)=Ae™ x>0

The first moment is =fx-ﬁe‘“ dx
0

( -Ax 00 —-Ax
=/1<[-xe -f-e dx |
A, o A
xe—ﬂx e—lx *
“Al- -
A A,



Example-4(contd.)

The first moment of the sample is x

Therefore, x =

1
A
j-2
X



Example-5

Obtain the estimate ‘0’ using method of moments for pdf
f(x)=0-sin” x O<sx=<ux

One parameter ‘0’

The first moment is « =fx-6’sin2 x dx
0

JT
X fx°Hsin2xdx
0

sinx® xsin2x x’ "
0 — +
4 4 4

0

X



Example-5(contd.)

Therefore the estimate is

~  4X
0=



Method of Maximum Likelihood

 Consider the sample of ‘n” random observations x,, X,

 Joint pdf is f(x;, X, ... X; 04, 0, ... 6,,)

* The Likelihood function is formulated as
L = f(X;04;0, ...0,,) X f(X5;04;0, ...0,,) X f(X,;04;05 ... 0,,)

I
~ =
~
=
IS
SS



Method of Maximum Likelihood

We are interested in those values of 6,, 6, ............ 0., that
maximize the Likelihood function

Lo Vi

00,

Solving the ‘m’ equations, the ‘m’ parameters are
estimated

Maximum Likelihood (ML) estimators are not unbiased
It may be shown that they are asymptotically unbiased
ML estimates are consistent.

MoM and ML do not always produce the same estimators for
parameters.

ML is generally preferred over MoM.



Example-6

Obtain the parameter ‘A’ using method of maximum
likelihood for the pdf

f(x)=Ae™ x>0

InL(A)=nlnA-2Y x,

alnL(}t) ~
oA

%—Exl. =0




Example-6 (contd.)

—Ale.+n=0
ﬁ.le. =7
2n 1



Example-7

Obtain the maximum likelihood estimates of the parameter
‘B’ in the pdf

f(x)=2p6 éxze"/j’C —00 <X <®©



lnL(/a’)=nln2+(n+n/2)1n/3’—§lnir+ln(£11xi2)
alnL(ﬁ)_O

0

1 n

+n/2)—= Y x =0
(n+ni2)2 -3 x
37n=2xi2x/3
B= 3n

Example-7 (contd.)

—/J’ixf

i=1



Chebyshev Inequality

« Certain general statements may be made on the rvs
without placing restrictions on their distributions.

« Chebyshev inequality states that a single observation
selected at random from any probability distribution will
deviate more than ko from mean w with a probability
less than or equal to 1/k2.

P[‘X—ﬂ‘zkg]s%

(places an upper bound on the probability.)



Example-8

The mean annual stream flow of a river is 135 Mm?3 and
standard deviation is 23.8 Mm3.What is the maximum
probability that the flow in a year will deviate more than
45 Mm3 from the mean.
1

Applying Chebyshev inequality, P [\X e kU] <z

ko =45
k x 23.8 =45

kK =1.891

P[‘X—ﬂ‘245] =P[‘X—ﬂ‘21.8910’] s%

< 1/1.8912
<0.28



