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Objective

To find an "admissible” time history of control variable U (t),t €| t,,t, | which:

1) Causes the system giverned by X = f (t,X,U)
to follow an admissible trajectory

2) Optimizes (minimizes/maximizes) a "meanigful™ performance index
Ly
J=p(t X, )+ [L(tX,U)dt

b
3) Forces the system to satisfy "proper boundary conditions".
[ our focus: X (t,) = X, (given), t, : fixed]
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Meaningful Performance Index

1) Minimize the operational time
= —to):tjldt [¢=0, L=1]
t
2) Minimize the control effort
J==[U'RU dt, R>0 [gon, L:;UTRU}

3) Minimize deviation of state from a fixed value C
with minimum control effort

J==[[(X-C)'Q(X-C)+UTRU |dt, Q=0,R>0
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Meaningful Performance Index

4) Minimize deviation of state from origin
with minimum control effort

ts
J =%£[XTQX +UTRU |dt, Q>0,R>0

5) Minimize the control effort, while the final state X
reaches close to a constant C

ts
g :%(xf —C)Tsf(xf —c)%j(uTRu)dt, S, >0,R>0

ty
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Optimal Control Problem

Performance Index (to minimize / maximize):

] :q)(tf,Xf)Jer(t,X,U)dt

Path Constraint:
)
Boundary Conditions: X (0) = X, : Specified
t, : Fixed, X (t. ):Free
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Necessary Conditions of
Optimality

Augmented Pl ] tf T(f-X)ld
u 3 ¢+£[L+ﬁ( x)] t

Hamiltonian H é(L+)LT f)

First Variation 0J = 5go+5tj‘(H = ) dt
=0p+[5(H-27X)dt
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Necessary Conditions of
Optimality

i
First Variation §J =g + j(gH 0l o ) dt
b

Individual terms
(5%, (;(‘”f j
@x) [ St ouy (G )+ o0 (5
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Necessary Conditions of

i

\

(A7 6X ) dt = j [f d(jtx)

Optimality
]dt

=[ 4] 6X, —45 8%, |- [(6X)" 4"

ty

o

| o j SX dt

to ,5X0

0 ty

= A7 86X, —[(6X) A" dt

_
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Necessary Conditions of
Optimality

First Variation

55:(5xf)T[;¢ )—(5xf)T 0

f

+[(ax) /idt—tj(&)T X dt
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Necessary Conditions of
Optimality

i

First Variation

5T =(6X,) ;2” —

s f =5
+j'(5X)T[Z—>I_<I+/i}dt+j(5U)TB—LHJ
+j(5ﬂ)T[g—j—X}dt

..
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Necessary Conditions of
Optimality: Summary
S0

State Equation X i f(t,X,U)
Costate Equation A= —(a—Hj
oX
Optimal Control H_,
Equation ou

Boundary Condition 4, = ;2” X (t,) = X, : Fixed
f
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Necessary Conditions of
Optimality: Some Comments

State and Costate equations are dynamic equations
Optimal control equation is a stationary equation

Boundary conditions are split: it leads to Two-Point-
Boundary-Value Problem (TPBVP)

State equation develops forward whereas Costate
equation develops backwards

Traditionally, TPBVPs demand computationally-
Intensive iterative numerical procedures

These iterative numerical procedures lead to “open-
loop” control solutions
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An Useful Theorem

Theorem:

If the Hamiltonian H is not an explicit function of
time, then H is ‘constant’ along the optimal path.

Proof:
gl el el g i
dt ot oX 8U oA

_OH o Hmjw oH ( chis o o fxzxu‘j
ot oX 0 oA

0) 0)
ddl? = aalj (on optimal path)

=0  (if H is not an explicit function of t). Hence, the result!
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General

Boundary/Transversality Condition

T

General condition: [82—/1} oD

| with (t,, X, ) fixed |

ts

oX, +[—+H} ot, =0
ot t

Special Cases: 1) t.: fixed, X, : free

2
[8@—/1} oX;=0 =
OX

2) t.: free, X, : fixed

[(aq)JrH} ot, =0 =
ot t
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Example — 1: A Toy Problem
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Example

Problem: {)‘1}{ % }
X, —X, +U
J :%(xlf —5)2+§(x2f —2)2+%ju2dt

Bl =2 = =0

Solution: H =(u2/2)+ﬂlxz+/12(—x2+u)

Costate Eq. H - Hﬁﬂ ; gﬂ : Lﬂfi ﬁj

22
Optimal control Eq. U+4,=0 = |u=-4,
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Example

Boundary Conditions

ool 1<

Define Zé[xl Xt /12]T O ERgens
: PR
Z=AZ S

Solution =
Zit] €
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Example

Use the boundary condition at t=0

0

0

Use the boundary condition at t; =2

i)
X, (2)

X (2)-5

2

(
X, (2)-

0

2A

C3
| C4
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Example

Four equations and four unknowns:

(
X, (

ElEa

Ol

1
0

X

Cs
Cy

0
1

2

2

-
)

—1.63 2.76 || x(2)
276 363 (D)
1l 0 C,
B89 s o0 e
B0 =168 D 76
O ke 206868
TG, 0
0 1 639 -7.39]
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Example

Solution for State and Costate

At

Solution for Optimal Control

u=-7,(t)

0
0

(1)
10
A (1) -2.70
).

o

where A=
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Example — 2: Double Integrator Problem
(Relevance: Satellite Attitude Control Problem)

X=U
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Double Integrator Problem

u=Xx,

»
»

f X, =% f X =Y

» »

Consider a double integrator problem as shown in the above figure.

Find such u(t) that the system initial values X (0)=[10 O]T are
driven to the origin by minimizing

Uy
J:tf2+1ju2dt
20

Note : (1) t.: unspecified
(2) Control variable u(t) Is unconstrained
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Double Integrator Problem

Solution :
System dynamics

A X B

y =1 O]L)((i} =CX  (not required)
C 2

Boundary Condition

o-[f) s
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Double Integrator Problem

Controllability Check :

Controllability Matrix

= 21| o o)l o

M|=-1=0 _ _

Hence, the system is controllable.
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Necessary Conditions of Optimality

H :%u2 + A" (AX + Bu)

(1) State Eq: X = AX + Bu

(2) Optimal Control Eq: s 0

ou

Uu+B'A=0

Uu=-B"A=-4
oH

3) Costate Eq: A = ——— = —A"TA
(3) g o
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-

Optimal Control Solution

. 0 O 0
21 _ATZZ— 21 S

7 L 0l | =

%:O:%%:Q

A =—A4 =—C
= Gl G

K U=-—4,=Ct—C,
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Optimal State Solution

However,
] _[%]_[ %
X, u Gl -6

Hence
.t2
X clz—czt +C,

3 2
xlzj'xzdtzcl%—cza+cgt+c4

\
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Optimal State Solution

Using the B.C. att =0 :

o

Usingthe B.Catt=t, :

H

o)l

b _Lpzigg
e

Sl
2

- 1 |G Gl
Xl(tf) th tf +10 _|:O:|
|0
() %tfz e
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Transversality Conditions (t; : free)

=

40
ot

,

ty
2

2t, = {”?MT (AX + Bu)}
Ly

o oL

e 2
_ |t -e) %(tf)xz(tf)—(cltf—cﬂ
§ 0 (B.C.)

5ot o)

e P T e

f
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Transversality Conditions (t; : free)

In summary, we have to solve for c,,c, and t, from:
ct.°—3c,t,°+60=0

Cle2era

c’t,? —(2cc, +4t, )+c,2 =0

At this point, one can solve c,,c, from first two

equations in terms of t. and subtitute them in the

third equation. Then the resulting nonlinear equation
Int. can be solved (preferably in closed form). However, one must

discard unrealistic solutions (e.g. t; <0 is unrealistic).

Note : One may use numerical tehnigues (like Newton-Raphson technique)
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Transversality Conditions (t; : free)

C oo
Finally, | c, |=| 3.95
fififce) 4

Hence, the optimal solution is given by:
u=ct-c, =2.025t-3.95

3.95)’
and it will take t, :%:3.901 time units to reach X, =[0 0],

starting from X (0)=[10 O]T
Note: (1) It is an open-loop control law
(2) The application of control has to be terminated at t.
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